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Abstract. A criterion for subnormality of unbounded composition opera- 
tors in L 2 -spaces, written in terms of measurable families of probability mea- 
sures satisfying the so-called consistency condition, is established. It becomes 
a new characterization of subnormality in the case of bounded composition 
operators. Pseudo-moments of a measurable family of probability measures 
that satisfies the consistency condition are proved to be given by the Radon- 
Nikodym derivatives which appear in Lambert's characterization of bounded 
composition operators. A criterion for subnormality of composition operators 
induced by matrices is provided. The question of subnormality of composition 
operators over discrete measure spaces is studied. Two new classes of sub- 
normal composition operators over discrete measure spaces are introduced. A 
recent criterion for subnormality of weighted shifts on directed trees by the 
present authors is essentially improved in the case of rootless directed trees 
and nonzero weights by dropping the assumption of density of C°° -vectors in 
the underlying ^ 2 -space. 



1. PRELIMINARIES 

1.1. Introduction. In 1950 Halmos introduced the notion of a bounded sub- 
normal operator and gave its first characterization (cf. [34]), which was successively 
simplified by Bram [8] , Embry |27] and Lambert |40j . Neither of them is true for 
unbounded operators (see [22) and [611 1621 163] for foundations of the theory of 
bounded and unbounded subnormal operators). The only known general charac- 
terizations of subnormality of unbounded operators refer to semispectral measures 
or elementary spectral measures (cf. 1311 168] ). They seem to be useless in the 
context of particular classes of operators. The other known criteria for subnor- 
mality (with the exception of [69] ) require the operator in question to have an 
invariant domain (cf. 1621 1651 1211 [2]). In this paper we give a criterion for subnor- 
mality of densely defined composition operators (in L 2 -spaces) with no additional 
restrictions. 
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Composition operators occur in many areas of mathematics. They play a vital 
role in ergodic theory and functional analysis. The theory of bounded composition 
operators seems to be well-developed (see [53l [46l [7T1 [36l HTl [42l [26l [30l l55l 
rm H5l H6] ; see also [28l |43l [56l US [59] for particular classes of such operators) . 
As opposed to the bounded case, the theory of unbounded composition operators 
is at a rather early stage of development. There are few papers concerning this 
issue. Some basic facts about unbounded composition operators can be found in 
|18l 1371 1131 HOj . To the best of our knowledge, there is no paper concerning 
the question of subnormality of (general) unbounded composition operators. A 
criterion for subnormality of certain composition operators built over directed trees 
can be deduced from fill Theorem 5.1.1] via 1391 Lemma 4.3.1]. However, it 
requires the operator in question to have dense set of C°°-vectors. The reason for 
this is that its proof is based on an approximation technique derived from |21l 
Theorem 21] in which the invariancc of the domain plays an essential role. In other 
words, this technique could not be applied when looking for a general criterion for 
subnormality of unbounded composition operators. On the other hand, Lambert's 
characterization of bounded subnormal composition operators, which is written in 
terms of the Radon-Nikodym derivatives {h<p™}^Lo ( c f- ©)■ is n0 longer valid in 
the unbounded case (see [391 Theorem 4.3.3] and 1 1 31 Section 11]). 

In the present paper we give the first ever criterion for subnormality of un- 
bounded composition operators, which becomes a new characterization of subnor- 
mality in the bounded case. It states that if an injective densely defined composition 
operator has a measurable family of probability measures that satisfies the so-called 
consistency condition, then it is subnormal (cf. Theorem [9]). The consistency con- 
dition appeals to the Radon-Nikodym derivative h^. To invent it, we revisit the 
Lambert's construction of a quasinormal extension of a bounded subnormal com- 
position operator which is given in 1421 . Surprisingly, the pseudo- moments of a 
measurable family of probability measures that satisfies the consistency condition 
are given by the Radon-Nikodym derivatives {h^nj^Lg (cf. Theorem flTf . 

The paper consists of three parts. The first contains some background mate- 
rial concerning Stieltjes moment sequences, composition operators and conditional 
expectation (with respect to </> _1 (.e/)). The second consists of four sections. Sec- 
tion 12.11 provides the main criterion for subnormality of unbounded composition 
operators (cf. Theorem |9|) . That this criterion becomes a characterization in the 
bounded case is justified in Section 12.21 The consistency condition is investigated 
in Section 12.31 In particular, it is proved that the consistency condition behaves 
well with respect to the operation of taking powers of composition operators (cf. 
Proposition |23|). Section l2~4l deals with the strong consistency condition, a variant 
of the consistency condition which does not appeal to conditional expectation. It 
is shown that in the bounded case the strong consistency condition is equivalent to 
requiring that the Radon-Nikodym derivatives {h^l^g be invariant for the oper- 
ator of conditional expectation (cf. Proposition [30| . The third part of the paper 
deals with particular classes of bounded or unbounded composition operators. In 
Section [3. II we prove that composition operators in L 2 (nj) induced by normal k x k 
matrices are subnormal, where /x 7 is a Borel measure on R K with a density function 
given by an entire function with nonnegative Taylor coefficients at (cf. Theorem 
I32[) . The question of subnormality of composition operators in L 2 -spaces over dis- 
crete measure spaces is reexamined in Section 13.21 (cf. Theorem I35[) . A model for 
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such operators with injective symbols is established in Remark 1371 In Section 13.31 
we introduce a "local consistency technique" which is new even in the bounded case 
(cf. Lemma I38|) . It enables us to deduce subnormality of a composition operator 
in an L 2 -space over a discrete measure space from the Stieltjes dctcrminacy of the 
Radon-Nikodym derivatives {h^n+i}^ (cf. Theorem |4T|). In Scction [3T4l we use the 
"local consistency technique" to model subnormal composition operators induced 
by a transformation which has only one essential fixed point. Section 13.51 deals 
with the question of subnormality of a class of composition operators over directed 
trees with finite constant valence on generations. In this case, even though the 
operator of conditional expectation is far from being the identity, we can use the 
strong consistency condition. This enables us to characterize subnormality within 
this class by using Lambert's condition (cf. Theorem I44|) . the phenomenon known 
so far for unilateral and bilateral injective weighted shifts only. In Section 13.61 we 
show that Theorem 5.1.1 of which is a criterion for subnormality of a weighted 
shift on a directed tree, remains valid if the assumption that C°°-vectors are dense 
is dropped, provided the weights are nonzero and the tree is rootless and leafless 
(cf. Theorem |47|). 

The paper is concluded with appendices concerning composition operators in- 
duced by roots of the identity, symmetric composition operators and orthogonal 
sums of composition operators. 

1.2. Prerequisites. We write Z, R and C for the sets of integers, real numbers 
and complex numbers, respectively. We denote by N, Z + and R+ the sets of 
positive integers, nonnegative integers and nonnegative real numbers, respectively. 
Set R + = R + U {oo}. In what follows, we adhere to the convention that ■ oo = 
oo • = 0, i = oo and § = 1. If f : X — > M + is a function on a set A, then we put 
{( = 0} = {x £ X: C(x) = 0} and {(>0}={i£l: ((x) > 0}. Given subsets 
A, A n of X, n £ N, we write A n /• A as n — > oo if A n C A n+ i for every n £ N and 
A = U^Li The characteristic function of a subset A of X is denoted by \A- 
The symbol a(3 g ) is reserved for the cr-algebra generated by a family & of subsets 
of X. All measures considered in this paper are assumed to be positive. Given 
two measures [i and v on the same cr-algebra, we write \i <C v if [i is absolutely 
continuous with respect to v\ then stands for the Radon-Nikodym derivative 
of fi with respect to v (provided it exists). We shall abbreviate the expressions 
"almost everywhere with respect to fi" and "for //-almost every x" to "a.e. [/i]" 
and "for [i-a.e. x" , respectively. As usual, L 2 (^i) stands for the Hilbert space of all 
square integrable (with respect to a measure fj,) complex functions on A. If fi is 
the counting measure on A, then we write £ 2 (X) in place of L 2 (/i). The cr-algebra 
of all Borel sets of a topological space Z is denoted by 53 (Z). In what follows St 
stands for the Borel probability measure on R + concentrated at t £ R+ . The closed 
support of a finite Borel measure v on R + is denoted by supp v. 

Now we state an auxiliary lemma which follows from 1451 Proposition 1-6-1] 
and [H Theorem 1.3.10]. 

Lemma 1. Let be a semi-algebra of subsets of a set X andfi\,/i2 be measures 
on a(^) such that /J,i(A) = [12(A) for all A £ & . Suppose there exists a sequence 
{A n }'^L 1 C & such that A n / I as n — > 00 and [i\(Ak) < 00 for every k £ N. 
Then [i\ = [12. 
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From now on, we write J °° instead of J H . A sequence {a n }^Lo ^ R is said to 
be a Stieltjes moment sequence if there exists a Borcl measure v on R + , called a 
representing measure of {an}$£Lcb such that 



a,, = 



s n v(ds), n G Z+. 



If such a ^ is unique, then {a„}^L is called determinate. A Borel measure ^ on 
R+ is said to be determinate if all its moments J s n ^(ds), n G Z+, are finite 
and the Stieltjes moment sequence {/q 00 s J V(ds)} n ° =0 is determinate. Sequences 
or measures which are not determinate are called indeterminate. Recall that any 
finite Borel measure on R + with compact support is determinate (cf. |32l ) . Another 
criterion for determinacy can be deduced from the M. Riesz theorem (cf. [32]) and 
[391 Lemma 2.2.5]. 

A Borel measure v on R + whose all moments are finite and i/({0}) = 

is determinate if and only if C[t] is dense in L 2 ((l + t 2 )v(dt)), ' 

where C[t] stands for the ring of all complex polynomials in real variable t. Wc 
refer the reader to [5] Proposition 1.3] for a full characterization of determinacy. 
The following useful lemma is related to 1501 Exercise 23, Chapter 3]. We include 
its proof to keep the exposition as self-contained as possible. 

Lemma 2. If {a n }^L Q C (0, oo) is a Stieltjes moment sequence with a repre- 
senting measure v, then the sequence { }„_ * s nionotonically increasing and 

sup = sup(supp^). 



+ 



PROOF. Applying the Cauchy-Schwarz inequality, we deduce that the sequence 
{ V In— o * s morL °tonically increasing. This implies that 

a„+i a n+1 (f) — (t) 

sup = hm = hm yja n = sup(supp^), 

n gZ + Cl n n— >oo a n n—>oo 

where (f ) and (|) may be inferred from 1581 Lemma 2.2] (with Q = Z + , A(n) = n+l 
and 4>(n) = a n ) and [501 Exercise 4, Chapter 3], respectively. □ 

Let A be an operator in a complex Hilbert space H. (all operators considered 
in this paper are linear). Denote by D(A), N(A), 31(A) and A* the domain, the 
kernel, the range and the adjoint of A (in case it exists) respectively. Set D°°(A) = 
P|^ 2)(A") with A a — I } where I — I n stands for the identity operator on W. 
Members of D°°(A) are called C 00 -vectors of A. A vector subspacc £ of 1)(A) is 
called a core for A if £ is dense in D (A) with respect to the graph norm of A. If A 
is closed and densely defined, then A has a (unique) polar decomposition A = U\A\, 
where U is a partial isometry on "H such that the kernels of U and A coincide and 
\A\ is the square root of A* A (cf. [6] Section 8.1]). Given two operators A and 
B in H, we write A C B if D(A) C D(B) and Af = Bf for all / e T>(A). In 
what follows B(H) stands for the C* -algebra of all bounded operators in H whose 
domains are equal to %. A densely defined operator N in H is said to be normal 
if N is closed and A^N = JVA" (or equivalently if and only if D(N) = D(N*) and 
\\Nf\\ = \\N*f\\ for all / G D(N), see [6]). We say that a densely defined operator 
S in % is subnormal if there exist a complex Hilbert space K, and a normal operator 
A in /C such that H C /C (isometric embedding), D(5) C D(A) and 5/ = A/ 
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for all / £ D (S). Since powers of a normal operator are normal, we see that any 
densely defined power of a subnormal operator is still subnormal. The members 
of the next class are related to subnormal operators. A closed densely defined 
operator A in H is said to be quasinormal if U\A\ C \A\U, where A = U\A\ is the 
polar decomposition of A. Recall that quasinormal operators are subnormal (see 
[9j Theorem 1] and |62[ Theorem 2]). The reverse implication does not hold in 
general. It is well-known that if S is subnormal, then {||<S' n /|j 2 }^o i s a Stieltjes 
moment sequence for every / £ D°°(5') (see {111 Proposition 3.2.1]). The converse 
does not always hold, even if D°°(S) is dense in % (see [lit Section 3.2]). 

Let (X,si,fi) be a c-finite measure space. A map from A to A is called a 
transformation of A. Let </> be an si-measurable transformation of A, i.e., cf>~ 1 (A) £ 
si for all A £ si f. Denote by fj, a the measure on si given by \i o ^ _1 (Zi) = 
fi((j)~ 1 (A)) for A £ si. We say that <j> is nonsingular if // o <fr x is absolutely 
continuous with respect to fi. The following is easily seen to be true. 

If <p is nonsingular, Y is a nonempty set and f,g:X — > Y arc 
functions such that / = g a.c. [fj], then / o <j> = g o <\> a.c. [pi]. ^ ' 

Clearly, if <j> is nonsingular, then the map C^: L 2 (/i) D "D{C^) — > L 2 (n) given by 

D(C ) = {/ £ L 2 ( M ) : / o cj> £ L 2 (v)} and C+f = f o for / e 2>(C,), 

is well-defined (and linear); the converse is true as well. Such is called a com- 
position operator with a symbol <f> (or induced by 0) . Note that every composition 
operator is closed (cf. 1131 Proposition 3.2]). If 4> is nonsingular, then by the Radon- 
Nikodym theorem there exists a unique (up to sets of measure fi zero) ^-measurable 
function h^: A — > M + such that 

Lio<f)- 1 (A)= J h d^, A£si. (3) 

Recall that T>(C$) = L 2 (fi) if and only if £ L°°(n); moreover, if £ L°°(/x), 
then C,p £ B(L 2 (fi)) and ||C^|| 2 = ||h || L oc (M) (see e.g., @6j Theorem 1]). It is 
well-known that (cf. [181 Lemma 6.1]) 

if <j) is nonsingular, then is densely defined if and only if < oo a.c. [fi\. (4) 

Note also that (cf. [131 Proposition 6.5]) 

if <j> is nonsingular, then o </> > a.e. \p]. (5) 

The following fact is patterned on the integral formula due to Embry and Lambert 
(cf. [291 p. 168]). 

Proposition 3. Let (A, si, fi) be a a -finite measure space and <f> be a nonsin- 
gular transformation of X such that < oo a.e. \p]. Then 

[ — — — d/i = f f d [i for any si -measurable function f : X — > K + . (6) 
Jx h ° 9 J 

PROOF. Apply ((SJ and the measure transport theorem (cf. O Theorem 1.6.12]) 
to the restriction of to a set of /x-full measure on which o tfi is positive. □ 

Given n £ N, we denote by <f> n the n-fold composition of <fi with itself; (jp is 
the identity transformation idx of A. We write cj>~ n (A) = (cj) n )~ 1 (A) for A £ si 
and n £ Z+. If <j) is nonsingular and n £ Z+, then </>™ is nonsingular and thus h^n 
makes sense. It is clear that h^o = 1 a.c. [/i]. 
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The question of when a (not necessarily densely defined) composition operator 
is bounded from below has an explicit answer. 

Proposition 4. Let (A, si , fi) be a a-finite measure space and <f> be a nonsin- 
gular transformation of X . If c is a positive real number, then the following two 
conditions are equivalent: 

(i) HCVII >c\\f\\ for every f eB^), 

(ii) h > c 2 a.e. [n]. 

PROOF. If (i) holds, then 

/ (h -c 2 )|/| 2 d M ^O, / 6 D(C^). (7) 
Jx 

Since fx is cr-finite, there exists a sequence {X n }^ =1 C si such that fi(Xk) < oo for 
every k 1, and X n /• X as n — > oo. Set Y n = X n H {x € X: ^ n} for n ^ 1. 
Fix n ^ 1. It is easily seen that xzi € £)(C</>) f° r an y ^6 ^ such that A C Y n . 
Substituting / = xa into (JT]), we get J Y |h^ — c 2 | d/i < oo and /^(h^ — c 2 ) d/^ ^ 
for every A £ si such that ZV C Y n . This implies that h,£ — c 2 ^ a.e. [fj] on 
y„. Since Yfe / 7 as fc-? oo, where F = {x <G X : b^x) < oo}, we conclude that 
h > c 2 a.e. [/i]. The reverse implication is obvious. □ 

Now we collect some properties of conditional expectation that are needed 
in this paper. Set (j)~ 1 (si) = {(j)~ 1 (A): A £ si}. Suppose is a nonsingular 
transformation of X such that < oo a.e. \p]. Then the measure /Lt^-i^ is 
cr-finite (cf. |13l Proposition 3.2]), and thus by the Radon- Nikodym theorem, for 
every ^/-measurable function /: X — > R+ there exists a unique (up to sets of 
measure fi zero) -1 (,g/)-measurable function^ E(/): X — > R + such that for every 
si -measurable function g : X — > R+ , 

f 5 o0./d/i= / ff o^-E(/)d M . (8) 
Jx Jx 

We call E(/) the conditional expectation of / with respect to (j)~ 1 (si) (see [48] and 
|13| for more information). For simplicity we do not make the dependence of E(/) 
on <fi explicit. It is well-known that 

if ^ f n /■ f and f n , f are ^-measurable, then E(/„) /*• E(/), (9) 

where g n /* g means that for /Lt-a.e. x G X, the sequence {g n (x)}^ = i is mono- 
tonically increasing and convergent to g(x). Note that for every ^/-measurable 
function u: X — > R + there exists a unique (up to sets of measure fi zero) ■im- 
measurable function g : X — ¥ R + such that u o <f> = g o <j) a.e. \p] and g — a.e. 
[/x] onl\ J?^, where £2$ := {h^ > 0}. Indeed, by the measure transport theorem, 
we have J^-i^uo cpd/j, = J^uh^d/j = ^-[(^(uxfij ° ^d/x for all A & si, 
and thus 5 = u\n^ has the required properties (because (J>\<fr-ii#/) is cr-finite). A 
similar argument yields the uniqueness of g. As a consequence, if /: X — > M + is 
^/-measurable function, then E(/) = go<j) a.e. [/it] with some .^/-measurable function 



1 Recall the well-known fact that a function v: X — > R+ is <f> 1 (,e/)-mcasurable if and only 
if there exists an „<z> / -measurablc function u: X — > such that v = u o 0. 
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g: X — > R+ such that 5 = a.e. [p] on X \ il^. Set E(/) o <f> 1 = g a.c. [/i]. By the 
above discussion (see also |18j ). this definition is correct and 

(E(/) o 4>-i) o <f> = E(/) a.e. (10) 

In particular, the following holds. 

If cj) is a nonsingular transformation of X such that < < oo a.e. [p] 

and u,g: X — > R_|_ are ^/-measurable functions such that uocf) ~ gocf> (11) 

a.e. [fj], then u = g a.e. [^]. 

The reader should be aware of the fact that E(\x) = 1 a.c. [p] and 

E(xx) ° = X{tv>0} a.c. [//]. (12) 

2. A CONSISTENCY TECHNIQUE IN SUBNORMALITY 

2.1. The general case. Let (X, .k/) and (T,£) be measurable spaces and 
P : X x — > [0, 1] be an si -measurable family of probability measures, i.e., 

(i) the set-function P(x,-) is a probability measure for every x G X, 

(ii) the function P(-, er) is ^/-measurable for every a e £. 

Denote by si <£> £ the c-algebra generated by the family 

s/M £ := {Ax a: A e si, a e £}. 

Let p: si — > R+ be a cr-finite measure. Then (cf. [3j Theorem 2.6.2]) there exists 
a unique measure p on si ® £ such that 

p{A x cr) = / P(x,<7)/i(da;), 4e^,(rSi;. (13) 

Such a p is automatically cr-finite. Moreover, for every si (g> Z'-measurable function 
/:XxT^I + , 

the function X 3 x — s- / f(x,t)P(x,dt) € R + is ^/-measurable (14) 

and 

/ fdp= [ [ f(x,t)P(x,dt)[M(dx). (15) 
JXxT Jxjt 

Let be an ^/-measurable transformation of X. Define the transformation <P of 
X x T by 

<2>0,t) = {(j>{x),t), xeX,teT. (16) 

Since the cr-algebra {E £ si ®£: ^~ X {E) e si ® £} contains si £, we deduce 
that the transformation ^ is si <g) Immeasurable. 

The assumptions we gather below will be used in further parts of this section. 

The triplet (X, si, p) is a a- finite measure space, <j> is an si - 
measurable transformation of X, (T,£) is a measurable space and 
P : X x £ — > [0, 1] is an ^/-measurable family of probability measures. (17) 
The measure p: si (g) £ —> R + and the transformation $ of 1 x T are 
determined by (|13| and (|16|) . respectively. 

We begin by establishing the basic formula that links and h$. 
Lemma 5. Suppose (|17j) holds. Then the following assertions are valid. 
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(i) If 4> is nonsingular and P(x, •) <C P((j)(x),-) for p-a.e. x £ X, then <P is 
nonsingular. 

(ii) If <P is nonsingular, then so is <f>. 

(iii) If <P is nonsingular and < oo a.e. [fi], then h$ < oo a.e. [p] and 
h <t ,{x)(E{P(-,a))o(/)- 1 )(x) = / h$(x,t)P(x,dt) for p-a.e. x g X, a e X. (18) 

J a 

PROOF, (i) Take E e £>/ <E> X such that p(E) = 0. Then, by (fl5]l. we have 

/ Xfif 1 ! t)P( x , dt) = for /i-a.e. x € X. 

Hence x,g(2;,i) = for P{x, -)-a.e. t € T and for //-a.e. x € X. Since (f> is nonsin- 
gular, we see that XE{4>( x ),t) = for P(<fi(x), -)-a.e. i e T and for /x-a.e. x e X. 
By our assumption, this implies that XE(<P(x),t) = for P(x, -)-a.e. t e T and for 
p-a.e. i€X. This combined with flU) implies that p(<P^ 1 (E)) = 0. 

(ii) If Z\ <E .s/ is such that fi(A) = 0, then by fl3) we have p(ZV xT) = /i(/A) = 
and thus ni^iA)) = p($- x {A x T)) = 0. 

(iii) Applying the measure transport theorem, we obtain 



p(^- 1 (Axa))^p((f>- 1 {A)xa)^ I P(x,a)p(dx) 



/ E(P(-,o-))d j u 1 i J / h E(P(-,a))o^ 1 d / i, zle^aer. (19) 

J<b- 1 (A) JA 



l<f,-i(A) 

Since <P is nonsingular, we infer from (|15p that 

p(<P~\Ax a)) = h$(x,t)P(x,dt)n(dx), Ae.ef,o-e£. (20) 

Combining (fH)|) with (j2"0")) and using the cr-finiteness of p, we get l|T8j) . 

Since h < oo a.e. [/i], there exists {Z^}^^ C ,c/ such that Z\„ / I as n 4 oo, 
p(Ak) < oo and h ^ fc a.e. [/*] on Ak for every fc£N. Then 

h^dp^ / / h$(a;, t)P(x, dt)p,(dx) 



A n xT Jzi 
JT51 



/ h E(P(-,T))o0- 1 d/i 1 i J / h*dM<»MA»)> ueN, (21) 

JA n JA n 

which implies that h$ < oo a.e. [p] on A n x T. Since Z\„ xT / IxTasn-) oo, 
we conclude that h<j < oo a.e. [p\. This completes the proof. □ 



Below we introduce the conditions ( CC^ I and (CC^ ) (cf. Lemma [5] and The- 
orem [7]) which play a fundamental role in this paper. We begin by proving that 
the first moments J T ((t)P(-,dt) of an ^-measurable family P : X x X — > [0, 1] of 
probability measures satisfying ( CC^ ) cannot vanish on a set of positive measure 
p. We also calculate h<£. 

Lemma 6. Suppose (|17p holds, <fi is nonsingular, < oo a.e. [p] and £: T — > 
R+ is a X, -measurable function such tha^ 

c( P ( \\r ^ LC(t)PWx),dt) 

E ( p (->0-))(x) = — — r 7T7 u for p-a.e. x £ X, a e X. CC C ) 

h (0(x)) 



By (O and H14II the right-hand side of the equality in jCC^J is ^-measurable a.e. \p]. 
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Then the following three assertions hold: 

(i) P(x, {( = 0}) = for p-a.e. x £ X, and ( > a.e. [p], 

(ii) if A G si is such that j T ((t)P(x, dt) = for p-a.e. x G A, then p(A) = 0, 

(iii) is nonsingular and 

h*(M) = X{h,>o}(zX(t)/orp-a.e. {x,t)eXxT. (22) 

PROOF, (i) It follows from KXJ^ that E(P(-,{£ = 0})) = a.e. [/i]. Hence 
/^-i (x) P(x, {C = 0})fi(dx) = 0, and thus P(x, {( = 0}) = for fi-a.e. x £ X. This 
in turn implies that 

P ({(i,t)eIxT:((t) = 0})i / P(x,{( = 0}) f i(dx)=0, 

Jx 

which means that £ > a.e. [p]. 

(ii) If x € X is such that J T C(t)P(x, dt) = 0, then P(x, {C > 0}) = 0. This 
combined with (i) implies that P(x, T) = for fi-a.e. x G A. Since P(x, T) = 1 for 
every x £ X , we get ft(Zi) = 0. 

(iii) Arguing as in (|19[) and using Proposition [3l we get 

p(<p- 1 (Z\xa))= / E(P(;a))dp 

m [ J ° mPWx) > dt) ^dx), 

^ / X{h,>o}(x)at)dp(x,t), Aes/,aeS. (23) 

It is clear that := s/ M 17 is a semi-algebra such that a(& > ) = srf ® H. Since 
< oo a.e. [/i], there exists a sequence {Z^}^^ C s/ such that Z\„ / I as 
n — > oo, p(Ak) < oo and ^ A; a.e. [/x] on Z\/c for every fc G N. Then 

p(r 1 (4xT))i A (f 1 (A,))=/ d/i < np(A») < oo, neff. (24) 



By (|23]), (|24f and Lemma [TJ the measures jz/ <g> 27 9 E 1 -> p{^~ 1 {E)) G S+ and 
® 27 9 -E — > f E X{h^>o}( x )((t) dp(x, t) G R+ coincide. Consequently, is non- 
singular and, by the cr-finiteness of p, the equality (|22|) holds. □ 

Now we identify circumstances under which the Radon-Nikodym derivative h$ 
depends only on the second variable. 

Theorem 7. Suppose (|17p holds, £: T — > K + is a £ -measurable function, <j) is 
nonsingular and h,£ < oo a.e. \p]. Then the following assertions are equivalent: 

(i) (CCf I /io/ds and > a.e. \p], 

(ii) (CT^I Zio/tfe and f T £(t)P(-,dt) = a.e. [/x] on {h^ = 0}, 

(iii) (CCf | holds, <P is nonsingular and C$ is quasinormal, 

(iv) the condition below holds 

h 4 ,{x)(E(P(-,a))ocj)~ 1 )(x) ^ f C{t)P(x,dt) for p-a.e. x £ X, a G 27, (CC7/ 1 ) 

t/ or 

(v) nonsingular and h^(x,t) = C(t) /or p-a.e. (x,t) GlxT, 
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(vi) <P is nonsingular, h^, > a.e. [p] and 



h#(<l>(x),t)P((l>(x),dt)= C(t)P{4i(x),dt)for[j,-a.e.x€X, a G E. (25) 

J a 

Moreover, each of the conditions (i) to (vi) uniquely determines £ (up to sets of 
measure p zero) and guarantees that < C < oo a.e. [p\. 

Proof. (i)=Kiv) Set H a (x) = f a ((t)P(x,dt) for x G X and a G E. By (III) . 
H a is ^-measurable. It follows from (CC<j I and (fT0|) that 

^ • (E(P(-,ct)) o (/r 1 ) o^ = ff„o^a.e.[/i], a G E. 



This and the assumption that > a.e. [p] imply (CC^ 1 1 (see 

(iv)^(ii) Substituting a = T into dCC^ 1 }, we deduce that J T ((t)P(-, dt) = 

a.e. [p] on {h^ = 0}. Composing both sides of the equality in (CC^ 1 ) with <p and 

using © and CEU]), we obtain ( |CC C | ). 

(ii)=Ki) Apply Lemma [HJii) with A := {h = 0}. 

(i)=>(v) Note that if /, g : X — > R + are ^-measurable functions such that f = g 
a.e. [p.], then f(x)((t) = g(x)((t) for p-a.c. (x,t) G X x T. Indeed, by (fT5|) . we get 



f(x)C(t)dp(x,t) 



X 



f{x) / x^OMKW^diMdx) 



g(x)at)d P (x,t) 



for every E £ E, which together with the c-finiteness of p proves our claim. 
This property combined with Lemma EJiii) implies (v). 

(v)=^(iv) Employing (fl5|) and the c-finiteness of p, we deduce that for every 
a G E and for /j-a.c. x G X, j a h<p(x, t)P(x, dt) = J £(t)P(x, dt). This and Lemma 



G3ni) yield (CC, 

(v)=^(iii) It follows from Lemma[5jiii) that h$ < oo a.e. [p], and thus, by (j4|), 
C<|> is densely defined. Using ©, we see that h^, = h<j o <!> a.e. [p]. Hence, by [131 
Proposition 8.1], C<p is quasinormal. Since (v) implies (i), (CC^) holds. 

(iii)=>(i) By |131 Proposition 8.1 and Corollary 6.6], is injectivc. Define the 
mapping U : L 2 (p) L 2 \p) by {U f)(x,t) = f(x) for (x, t) G X x T. Then, in view 
of (fl5|) . U is a well-defined isometric embedding such that UC<p — C<pU. Hence 
is injective. It follows from 1131 Proposition 6.2] that > a.e. [p\. 

(v)=>(vi) As (v) implies (i), we get > a.e. [p\. Applying the measure 
transport theorem, we see that 



/ / 



\\$((j>(x),t)P((l>(x),dt)p(dx) 

fl5t 



Axe 



h rj} (x)h^(x,t)dp(x,t) 



(v) 



Axe 



h0(x)h,f (x, t)P(x, dt)p(dx) 
b^{x)C(t)dp(x,t) 



C(t)P(4>(x), dt)p(dx), Ae£/,aeE. (26) 

l<f,-HA).- 

This, together with the cr-finiteness of p|0-i(,s/), yields (vi). 

(vi)=>(i) By Lemma HJiii), the condition (|18|) holds. Composing both sides of 
the equality in (|18|) with (j> and using ((2]) and (fT0|) . we obtain 

E(P(-,cr))(a;) = -2 ; — ... .. for p-a.e. x G A, a G E. 
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This, together with (|25j). gives ( |CC C [ ). 

Now we justify the "moreover" part. The uniqueness of ( follows from the 
equivalence of the conditions (i) to (vi) and the equality in (v). In turn, by Lemma 
[5{iii) and Lcmma[6tl), we see that < £ < oo a.c. [p\. This completes the proof. □ 

Let us make two comments concerning Theorem [7J 

Remark 8. a) First note that instead of proving the implication (vi)=^(i), one 
can prove the implication (vi)=^(v). The latter can be justified as follows. Since 
> a.e. \p] and p({(x,t) £ X x T: h^x) = 0}) = p({x £ X : h (x) = 0} (cf. 
(JT3J)), we get > a.e. [p\. Arguing as in (f26|) . we see that for every E £ si [x] E, 



h (f ,(x)h$(x,t)dp(x,t) = / h<i,(x)({t)dp{x,t). (27) 

E JE 

It follows from (f2"Tj) that J A xT h<f,(x)h$(x, t) dp(x, t) < n 2 p{A n ) < oo for every 
n £ N. Hence, by Lemma [TJ the equality (|27|) is valid for every E £ s/ <E) S. Since 
p is (T-finite, we deduce that h^x)^ (x, t) = b c j,(x)((t) for p-a.e. (x,t) e X x T. 
This and the fact that > a.c. [p] imply (v). 

b) Under the assumptions of Theorem [7J if # is nonsingular and there exists a 
countable family Eq of subsets of T such that E = <j(Eq) (hi particular, this is the 
case for T = M+ and E = ®(R+)), then ([25]) holds if and only if 

h$(^(x), t) = ((t) for P{(j}{x), O-a.e. t e T and for p-a.e. x £ X. (28) 

For this, note that without loss of generality we may assume that ls a countable 
algebra of sets. Suppose (f25|) holds. It follows from ([21]) that J T h$(x, t)P(x, dt) < 
oo for p-a,.c. x £ X, and thus J T h$(tf)(x), t)P((f>(x), dt) < oo for p-a.c. x £ X. 
Hence, there exists Xq £ &f such that p(X \ Xq) = 0, the equality in (|25|) holds 
for all a £ E and x £ X , and J T h$(</>(x), t)P((j)(x), dt) < oo for every x £ X - 
Applying Lemma [TJ we conclude that the equality in (j25j) holds for all a £ E and 
x £ Xq, which implies (|28|) . The reverse implication is obvious. 



Now we state the main criterion for subnormality of unbounded d ensely d efined 



composition operators written in terms of the conditions (CC^ ) and (CC^ 1 ). Note 
that the injectivity assumption in the hypothesis (ii) of Theorem[5]is not restrictive 
because each subnormal composition operator being hyponormal is injective (see 
1131 Corollary 6.3]; see also |361 Theorem 9d] for the bounded case). 

Theorem 9. Let (X,s/,p) be a a-finite measure space and </> be a nonsingular 
transformation of X such that Cp is densely defined. Suppose there exist an si - 
measurable family P: X x E — > [0, 1] of probability measures on a measurable space 
(T, E) and a E -measurable function £: T — > R + satisfying one of the following two 
equivalent conditions: 

holds, 



(i) (leer 1 



(ii) (CC,j ) holds and C<p is injective. 
Then is subnormal. Moreover, under the notation of (|17[) . <P is nonsingular 
and C$ is a quasinormal extension of C^. 

PROOF. Since is densely defined, we infer from ([4} that < oo a.e. [p]. 
It follows from |13l Proposition 6.2] and Theor em [7] t hat the conditions (i) and 



(ii) are equivalent. Thus, we may assume that (jCC^ 1 ! holds. By Theorem <P 



is nonsingular and C$ is quasinormal. Let U be as in the proof of the implication 
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(iii)=>(i) of Theorem[7l Then U is an isometric embedding such that UC<j> = C&U. 
This, combined with the fact that quasinormal operators are subnormal (cf. |62l 
Theorem 2]), completes the proof. □ 



From now on we will concentrate on the particular cases of (CC^ ) and (CC^ 1 
in which T — R + , E = 33(R+) and ((t) = t for t G R+, i.e., 

f tP(6(x),dt) 

E(P ■, a))(x) = J(r , y,\ ; ' for /x-a.e. i£l, a G 33 R+ , (CC) 
h^(x)(E(P(-,cr)) of 1 )^) = ( tP(x, dt) for /i-a.e. x G X, cr € 33(R+). (CC- 1 ) 

We refer to (|CCI) as the consistency condition (it has been inspired by |16] ). It is 
worth pointing out that if an si -measur able fam ily P: X x S — > [0, 1] of probability 
measures satisfies (CCf I (respectively, (CC^ 1 !), C is injcctive and £(er) G 33(R+) 

for every a £ S, then, by the measure transport theorem, the mapping P: X x 
33 (R+) -> [0,1] given by 

P(x,a) = P(x,C~ 1 ((r)), ^eX, ae 33(R+), 

is an .e/ -me asurab le family of Borel probability measures which satisfies (|CC|) (re- 
spectively, (Ice -1 !) ). 

Below we show that the consistency condition, which together with injectivity 
is sufficient for subnormality, turns out to be necessary in the case of quasinormal 
composition operators. 

Proposition 10. Let (X,si,fi) be a a-finitc measure space and <f> be a non- 
singular transformation of X such that C$ is quasinormal. Then there exists a 
<f>~ 1 (si)-measurable family P: X x 03(R+) — > [0,1] of probability measures which 
satisfies (|CC|) . Moreover, if P: X x 03 (R+) — > [0,1] is any si -measurable family 
of probability measures satisfying (|CC|) . then P(x, •) = P(x, •) for [i-a.e. x G X . 

PROOF. We can assume that < < oo (cf. [T3l Section 6] and Q). It 
follows from [131 Proposition 8.1] that = o cf> a.c. [/i]. Define the <j)~ 1 (si)- 
measurablc family P: X x 23 (R+) — > [0, 1] of probability measures by 

P(x,a)=xA^(4>(x))), .TeX ;( 7e33(R + ). (29) 

Since h<f, = o <fi a.c. [/i], we deduce that P(<f)(x), a) = x<y(^4>(4'( x ))) f° r fJr&.e. 
x £ X and <r G 33 (R + ). This yields 

f tP(6(x),dt) 

u a2 ^ = XaN^^))) for M-a-e. a; G X, c G 33(R + ). (30) 
h^(0(x)) 



Combining (J29J) and ([30J shows that P satisfies (|CCj) . 

The "moreover" part follows from (|29| and Corollary [TSl □ 



2.2. The bounded case. We begin by proving a "moment measurability" 
lemma which is a variant of 1421 Lemma 1.3]. The proof of the latter contains an 
error which comes from using an untrue statement that characteristic functions of 
Borel sets on the real line are of the first Baire category The proof of Lemma [Tl] 
is extracted from that of 1 1 5 1 Theorem 4.5]. 
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Lemma 11. Let (X, si) be a measurable space and K be a compact subset of the 
complex plane C. Suppose that {iDx}xgx is a family of Borel probability measures 
on A such that 

the map X 3 x t— > J z m z n, d x (dz) G Cis si -measurable for all m, n G Z + . (31) 

Then the function P: X x 03(A) 3 (x,a) > ^(cr) G [0,1] is an si -measurable 
family of probability measures. 

PROOF. Without loss of generality we may assume that A is a rectangle of the 
form A — [—r,r] x [— r, r], where r is a positive real number. It follows from (|31[) 
that for every p G C[2, 2] the function X 3 x H> ^ K pdd x G C is ^-measurable, 
where C[z, z] stands for the ring of all complex polynomials in variables z and z. 
If / : A — > C is a continuous function, then by the Stone- Weierstrass theorem, 
there exists a sequence {p n }^Li C C[z, z] which converges uniformly on A to /. 
Hence, due to the fact that each measure § x is hnite, the sequence {J K p n < i'd x }'^ D =1 
converges to J K f dd x for every x £ X, which implies that the function X 3 x H> 
j K fdd x G C is ^-measurable. Take an arbitrary rectangle L = [ai,&i) x [02,62) 
with 01, a-z, b\,bi G R. Then there exists a sequence {/n}^i of continuous functions 
f n : K — > [0, 1] which converges pointwise to xldk- We infer from the Lebesgue 
dominated convergence theorem that the function X 3 x ^ {} X (L D K) G [0, 1] is 
j^-measurable. Set 

971 = {a G 03 (A') : the function ^(cr) G [0, 1] is j^- measurable}. 

It is easily seen that 971 is a monotone class which contains and A, and which 
is closed under the operation of taking finite disjoint union of sets. Hence, the 
algebra Eq generated by the semi-algebra of all rectangles of the form L PI A with 
L as above, is contained in 9JI. By the monotone class theorem (cf. [3J Theorem 
1.3.9]), M = cr(Zo) = 93(A), which completes the proof. □ 

Remark 12. Lemma [Til can be easily adapted to the iV-dimensional case by 
allowing exponents m, n in (|31|) to vary over the multiindcx set Z^f. The proof is 
essentially the same. 

Note that a bounded subnormal operator S always has a bounded normal 
extension. Indeed, by [631 Theorem 1], the spectrum of a minimal normal extension 
N of spectral type of S is contained in the spectrum of S which is compact; hence, by 
the spectral theorem, N is bounded. This means that our definition of subnormality 
extends that for bounded operators. 

Theorem 13. Suppose (X, /i) is a a-finite measure space and <f> is a nonsin- 
gular transformation of X such that G B(L 2 (^i)). Then the following conditions 
are equivalent: 

(i) Ccf, is subnormal, 

(ii) C,p is injective and there exists an srf -measurable family P : X x 93 (R+) — > 
[0,1] of probability measures which satisfies (|CC[) . 

(ii') there exists an si -measurable family P : X x 03 (R+) — > [0, 1] of probability 



measures which satisfies ()CC 



(hi) C<j, is injective and there exists an si -measurable family P : X x 93 (R+) — > 
[0, 1] of probability measures such that (|CC[) holds and the closed support 
of P(x, ■) is contained in [0, HC^H 2 ] for [i-a.e. x G X, 
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(iii') there exists an -measurable family P: A x Q3(K+) — > [0, 1] of probabil- 
ity measures such that (ICC' 1 !) holds and the closed support of P(x,-) is 



contained in [0, HC^H 2 ] for p-a.e. x G A. 

The conditions above remain equivalent if the expression "for p-a.e. x G X" is 
replaced by "for every x G X". Moreover, if Cp is subnormal and P\,Pi'- X x 
03 (R+) — > [0,1] are g/ -measurable families of probability measures satisfying (|CCj) . 
then Pi(x, •) = P2{x, ■) for p-a.e. x G X . 

Proof. By Theorem^ (ii) is equivalent to (ii') and (iii) is equivalent to (iii'). 

(i) =>(iii) Since subnormal operators are hyponormal, we deduce that > 
a.e. [p] (cf. [36j Theorem 9d]), and thus is injective. Set K = [0,\\C^\\ 2 ]. By 
[411 Corollary 4] (or rather by [15[ Theorem 3.4] where 4>(X) = X is not assumed), 
there exist a set Aq G srf and a family {-d x : x € Aq} of Borcl probability measures 
on K such that p(X \ Aq) = and for every x G Aq, 

h »(z) = / t n a (dt), neZ + . (32) 

Setting h^x) = X{o}( n ) and ^(cr) = Yer(0) for n G Z + , x G A\Z\ and cr G 23(A), 
we may assume that each h^n is ^-measurable and ([3"2"[) holds for all x G X. By 
Lemma [Til the function P: X x 23(A) -> [0, 1] given by 

P(x,a) =& x (<x), x£X,o-£<B(K), 

is an ^-measurable family of probability measures. Set T = K and £ = *B(K). 
Let p and <P be as in Section 12.11 (with P in place of P) . To proceed further we 
need |42l Lemma 2.4]. Since its proof contains an error of the same type as that 
mentioned in the first paragraph of Section [2.21 we provide a correction. Applying 
the polynomial approximation procedure given in Lambert's original proof, we get 

p<p-\E)) = f tdp{x,t) (33) 

JE 

for every set E of the form E — A x ( J n A), where A G and J = [a, b) with 
a, be R + . We shall prove that (33|) holds for all E G srf ® 23(A). For this, denote 
by & the algebra generated by the semi-algebra {[a, b) D K: a,b G R+}. It is clear 
that & := {Z\ x cr: A G stf , a G J 5 "} is a semi-algebra such that cr(J<») = .c/gi 23(A) 
(because o{&) = 23(A)). By [H Proposition 1-6-1], the equality (33) holds for all 
E G J 2 . Note that p(# _1 (z}x A")) = J 4 h^d/i < 00 whenever ^i(Z\) < 00. As /i is er- 
finite, an application of Lemma[TJshows that (|33|) holds for all E G .s/ (8 23(A). This 
means that ^ is nonsingular and h$(x,t) = t for p-a.e. (x,i) G A x A. Applying 
Theorem [7] with ((t) := t for t G A yields 

f £P(c6(x),di) 

E (P (., o- x = Jg - )7 for /.-a.e. x G A, cr G 23(A), 

Setting P(x, cr) = P(x, aC\K) for x G A and cr G 93 (R+) shows that (iii) is satisfied. 
Note that the closed support of P{x, ■) is contained in [0, HC^H 2 ] for every x G A. 
(iii)=>(ii) Obvious. 

(ii) =Ki) Apply Theorem M 

The "moreover" part follows from (iii) and Corollary [TH] □ 
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2.3. The consistency condition. The consistency condition is the subject 
of our investigations in this section. The following assumptions will be often used. 

The triplet {X, gf, /i) is a a-finite measure space, <f> is a non- 
singular transformation of X such that < oo a.e. [fi] and ,oa\ 
P: X x — > [0, 1] is an .^-measurable family of probability 
measures. 

Lemma 14. Suppose (|34j) holds. Then (|CC[) is equivalent to each of the follow- 
ing three conditions: 

(i) E(/ °° f(t)P(-,dt))(x) = f tf £X%? ,dt) forfi-a.e. xeX and for every 
Borel function f: K+ — > R+, 

(ii) P(x,{0}) = and E(f a ±P(;dt))(x) = for (i-a.e. x G X and 
for every a G 03 (R+), 

(hi) P(x,{0}) = and E(/~«®P(. | dt))(*) = f ffggjf'** for »-a.e. 
x € X and for every Borel function g: R+ — > K+, 
where J °° h(t)P{-, dt) is understood as a function l3i-) J °° h(t)P(x, dt) £E R_|_ 
whenever h : R + — > R + is a Borel function. Moreover, if (|CC[) holds, then 

E[ / ip(-,dt) Vx) = - * < oo for n-a.e. xeX. 

PROOF. Since each Borel function /: K + — »■ R + is a pointwise limit of an 
increasing sequence of nonncgative Borel simple functions, one can show that (jCCj) 
implies (i) by applying the Lebesguc monotone convergence theorem as well as the 
additivity and the monotone continuity of the conditional expectation (see ©)■ 
The same argument can be used to prove that (ii) implies (iii). It is obvious that 
(hi) implies (ii) and that (i) implies (jCCp . 

(i)=Kiii) By Lcmma^i), P(x, {0}) = for ^-a.e. x e X. Thus, if g: M+ R+ 
is a Borel function, then, by applying (i) to the Borel function fit) — g(t)/t, we 
obtain (iii). 

(iii)=>(i) Apply (iii) to g(t)=tf(t). 

The "moreover" part follows from ([5]) and (iii) applied to g(t) = 1. □ 

The equality ()35l) below appeared in |42l Lemma 1.2] under the assumption 
that is surjectivc and is bounded. For self-containcdness, we include its proof 
(essentially the same as that of Lambert's one). 

Lemma 15. // (X, si is a a-finite measure space and <f> is a nonsingular 
transformation of X such that < oo a.e. then 

h^n+i = ■ E(h^n) o (fr x a.e. [/i] for all n G Z + , (35) 
h^n+i o cf) = o <fi ■ E(h^n) a.e. [ji] for all n € Z + . (36) 
PROOF. In view of the measure transport theorem, we have 

dHJ /* , JTot 

which yields <j35j). By dTOj) and ©, the condition ((36]) follows from <j35j). □ 



/ E(h^)d// I i 1 / h -E(h „)o ( /»- 1 d Ai , 4 £ < 
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Remark 16. Using (|35|) . we can express h^n in terms of by iterating the 
multiplication, the conditional expectation and the operation E(<j) o (j)" 1 . Unfortu- 
nately, the so-obtained formulas are rather complicated (e.g., h^2 = ■ E(h^) o 0" 1 
a.e. [fi], h^3 = • E(h^ • E(h^) o (f)^ 1 ) o a.e. [/j] and so on). 

As shown below, under the assumption that > a.e. [//], an .aZ-measurable 
family P of probability measures satisfying (|CC|) has the property that the "mo- 
ments" of P(x, •) coincide with {h0™(x)}^L o for /j-a.e. x G A. This fact plays an 
essential role in the present paper as well as in the proof of the new characterization 
of quasinormal composition operators given in [14] . 

Theorem 17. Suppose (|34| and (jCC|) hold, and > a.e. [/i]. Then 

poo 

\\ <j> n(x)= t n P(x,dt) for n-a.e. x e X, n £ Z+. (37) 
Jo 

Moreover, if CI is densely defined for every n £ Z +7 then {h^n (x)}^ =0 is a Stieltjes 
moment sequence with a representing measure P(x, ■) for fi-a.e. x G X . 

Proof. To prove (|37p . we use an induction on n. Set H n (x) = J™t n P(x,dt) 
for x £ X and n G Z + . By (TH}, the function H n : X — > M + is ^/-measurable 
for every n £ Z+. Since P(x, •), x G X, are probability measures, we deduce that 
Hq(x) = 1 for all x G X, and thus Hq = h^o a.e. [fi\. Suppose that H n = a.e. 
[fj] for a hxed n £ Z + . Then, by Lemma IT4lT j. applied to f(t) = t n , we have 

/>OG 

H n+1 (cb(x))= / t n tP(^(x),df) = h^(x))E(JT n )(aO 
Jo 

= h ( f,((p(x))E^h^n)(x) ® h^ n +i(^)(a;)) for /i-a.e. x G X. 

Applying (Til"]) , we get i? n +i = h^n+i a.e. [/j], which yields ([3"?) . 

The "moreover" part follows from (f3"7) and the fact that under our density 
assumption, h^n (x) < oo for /j,-a.e. x G A and for every n G Z + (cf. 1 1 31 Corollary 
4.5]). □ 

Regarding Theorem [T71 it is worth mentioning that CI is densely defined for 
every n G Z + if and only if D 00 ^) is dense in L' 2 (fi) (cf. [T3l Theorem 4.7]). 

Corollary 18. Suppose (|34|) and (|CC|) /io/d, > a.e. [/_t] and the mea- 
sure P(x, •) is determinate for fi-a.e. x G A. If P: X x 58 (M+) — > [0,1] is any 
&f -measurable family of probability measures which satisfies (|CC[) . £/ien P(x, •) 
/';.;'. ■) /or fi-a.e. x G A. 

The proof of the following corollary is patterned on that of the assertion (b) of 
fj~3l Lemma 10.1]. 

Corollary 19. Assume that (f34]) and (|CC[) hold, and > a.e. [/x]. Then 
= C^n for every n G Z + . 

Proof. By (3.5) and (3.6) in [13], we have D(C^) = L 2 ((l + h^»)d^) and 
D(C») = Z 2 ((£" =0 lv)d/i), and thus C*£ C C>. Since P(x, •), x G A, are 
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probability measures, we deduce from (|37]) that for /i-a.e. x G X, 

EM*)=/ E tJ p (^ d *) 

= / f E fi ) p ^ dt ^+ f ( E * j ) p (*> d *) 

■^[0,1] / ^(l,oo) / 

s: (n + l)(l + h »(x)), 
which implies that ©(C^n) C D(C^). This completes the proof. □ 

Remark 20. If is not densely defined for some integer n ^ 1, then h^n 
takes the value oo on a set of positive measure (cf. (01), which in view of ([57)1 
may lead to infinite moments. We say that a sequence 7 = {7n}^L — ^+ i s a 
pseudo-Stieltjes moment sequence if there exists a finite Borel measure ^ on R_|_, 
called a representing measure of 7, such that 7„ = Jg 00 s'V(dx) for all n G Z + . 
If "fk = 00 for some k G N, then there exists a unique fcoo(7) € N such that 
7fc = 00 for every integer k ^ ^00(7), and 7fc < 00 for every nonnegative integer 
k < ^00(7)- It is easily seen that for every k G N, there exists a pseudo-Stieltjes 
moment sequence 7 such that fcoo(7) = k (e.g., the one represented by the measure 
v = T^jLi jsTT^j)- Note that if 7 is a pseudo-Stieltjes moment sequence which is 
not a Stieltjes moment sequence, then it has infinitely many representing measures 
(i.e., 7 is indeterminate). Indeed, let v be a representing measure of 7. Since the 
truncated Stieltjes moment problem (with the unknown Borel measure $ on K + ) 

/>oc 

7n = / s n tf(ds), n = 0,...,fc oo ( 7 )-l, (38) 

has a solution d = v, we infer from [241 Theorem 3.6] that there exists a Borel 
measure r on ]R + with finite support such that (|3"8"|) holds for # = r. Given a G 
(0, 1), we set v a = olt + (1 — a)^. It is clear that the measure v a satisfies (f3"8"|) and 
that J Q s n dv a = 00 for all integers n ^ ^00(7)- Hence v a represents 7 and, as 
easily seen, the mapping a > v a is injective. 

Remark 21. Theorem [T71 suggests the method of looking for an ^-measurable 
family P of Borel probability measures on M.+ which satisfies (|CC|) . First, we 
verify whether {h,^ (x)}^ is a pseudo-Stieltjes moment sequence for /i-a.e. 16I 
(cf. Remark l2"Uf . If this is the case, then we select a family {"d x }x£X of Borel 
probability measures on R + such that i) x is a representing measure of {^^{x)}^ =0 
for /i-a.e. x G X, and then verify whether the family P: X x Q3(K+) — )- [0,1] 
of probability measures given by P(x,a) = ^(c) for x G X and <t G <8(R+) 
is ^-measurable and satisfies (|CC[) . This method works perfectly well in some 
cases (see e.g., Theorem I3"2l and Example 05]) . Unfortunately, it may break down 
even if {^^"(x)}^ =Q is a Stieltjes moment sequence for /i-a.e. x G X. Indeed, 
there exists a non-subnormal injective composition operator in £ 2 (/i) such that 
2)°°(C0) = L 2 (n) and {h0™(x)}^ o is a Stieltjes moment sequence for /i-a.e. x G X 
(cf. [39j Theorem 4.3.3] and [Eg Section 11]). In view of Theorem H for such C 
there is no possibility to select P with the desired properties. 

Our next aim is to show that the condition (jCCj) behaves well with respect to 
the operation of taking powers of composition operators. We begin by proving an 
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auxiliary result on conditional expectation which is of some independent interest 
in itself. Given a er-finite measure space {X,s/,ijl), a nonsingular transformation <j> 
of X and a positive integer n such that h^n < oo a.c. [/i], we write E„(/) for the 
conditional expectation of an srf -measure function / : X — > M. + with respect to the 
sub ex-algebra (4> n )~ 1 of srf . In view of the discussion in the last paragraph of 
Preliminaries, the expression E„(/) o $r n := E„(/) o (cj) n )^ 1 makes sense. 

Lemma 22. Let (X,£/,/jL) be a a-finite measure space, <j> be a nonsingular 
transformation of X and n be a positive integer such that h^, h^n , h^n+i < oo a.e. 
[fj,]. Then, for every -measurable function f : X — > IR + , the following holds: 

(i) h „ +1 • E„ +1 (/) o = h*« • E„(h • E(/) o o a.e. [/,}, 

(ii) h „ +1 ■ E n+1 (/) o «r (rl+1) = h ■ E(h „ ■ E„(/) o 0"") o fl .e. 

Proof, (i) Note that 



/d/t= / E(/)d/t 

0-("+D(Zi) Jx 



JTol 



/ h^-E^o^d/x 
X^o0".E„(h -E(/)o«/ ) - 1 )d Ai 



/ h „ • E n (h* • E(/) o ^T 1 ) o 0-" d/i, 46< 



and 



I 

J th 



fdn= f W of +1 .E n+1 (/)d^ 
Jx 



A 



Hence (i) follows from (j3"5)l . (|4"0) and the cr-finiteness of /i. 
(ii) Similarly, the equalities 



I 

Jib 



/d/i= / X0-!(/i) °0" ■ E «(/)d^ 

0-(™+i)(A) 



(39) 



/" h^„ +1 • E n+1 (/) o d/i, ZVG^. (40) 



^ / X^-Hzi) • h^n • E„(/) o "d/i 

= / X4 0«^.E(h^-E„(/)o^-")d/i 
Jx 

^ f h • E(h n • E„(/) o 0-") o d/i, Z\e< 

J A 

combined with (|40|) . give (ii). This completes the proof. □ 

If / = 1, then, in view of (TT2"j) . the formulas (i) and (ii) of Lemma |2"21 take the 
following forms (see (|35p where h^n and h^n+i are not assumed to be finite a.e. [/i]) 

h 0n +i = h^n • E„(h ) o 0"™ = h • E(h^n) o a.e. [/*]. (41) 

Under more restrictive assumptions on equalities (j4"Tj) appeared in [291 p. 166]. 
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PROPOSITION 23. Let {X, stf , /x) be a a-finite measure space, <f> be a nonsingular 
transformation of X such thatO < < oo a.e. [/j]. Suppose P: Xx*B(R+) — > [0, 1] 
is an -measurable family of probability measures which satisfies (|CC[) . Let n£N 
be such that h^n < oo a.e. [fi\. Then for every j = 1, . . . , n, < h^j < oo a.e. [fi] 
and (jCC|) holds with (<f>> , Ej , Pj) in place of(<p,E,P), wherePy. Xx«8(IR + ) [0,1] 
is an -measurable family of probability measures defined by 

Pj(x,a) = P{x,rij\<j)), xeX,ae «8(R+), 

ura'tfi 77j- : R + 3 t^P 

PROOF. It follows from Corollary fT9l that CP, = for j = l,...,n. This 
together with 1131 Section 6] and Q implies that < h^j < oo a.e. [fj] for j = 
1, . . . , n. Note that if j e {l,...,n}, then (|CC[) holds with (ft ,Ej,Pj) in place of 
(0, £7, P) if and only if 

J JP{^{x),d t) 

We use induction to prove that (|4"2"j) holds for every j G {1, . . . ,n}. The case of 
j = 1 is obvious. Assume that n ^ 2 and (l4"2l holds for a fixed j G {1, . . . , n — 1}. 
Then, by ((10)) and (fTTj) applied to <j>* in place of 0, we deduce from (|42|) that 



Ej(P(-,g))(x) = Jct - 7777^; for /x-a.e. a; € X, cr g ®(M+). (42) 



h 03 (x) • (Ej{P(;a)) of 3 )(i) = / t J P(x,dt) for /i-a.e. x € X. (43) 

J cr 

Applying Lemma ii) with j in place of n and using @ and (|10p , we sec that 
h 0J+1 (^ +1 (.T)).E J+1 (P(.,a))(x) 

= h (^"+ 1 ( 2 :))- (E(h 03 .Ej(P(-,a))o^)o^)(x) 

h (^ +1 (.T)) • (e( I t*P(.,df)) o^)(z) 
= / i J ' +1 P((^' +1 (x),di) for /i-a.e. x G X, 

./ cr 

where the equality (f) follows from Lemma ll"4T i) and ([2]). Hence, (j42j) holds for 
j + 1 in place of j. This completes the proof. □ 



2.4. The strong consistency condition. Under the assumptions of (|34|) . 
we say that P satisfies the strong consistency condition if 

f tP(0(ar),di) , , 

P f x a ) = Ja , y;. ; for u-a.e. xeX, ere «B R+ . SCC 

Some characterizations of (jSCC|) can be easily obtained by adapting Lemma [T4l 
and its proof to the present context. It is clear that P satisfies (|SCC[) if and only 
if it satisfies (|CCI) and the following equality 



E(P(-,cr))(x) = P(x,cr) for /x-a.e. x G X, a G <B(R + ). (44) 

Of course, (|44[) is valid if <f>~ 1 (s^) = si. The latter holds if <f> is injective and 
,c/-bimcasurable (i.e., 4> is ^-measurable and <j>(A) G for every Z\ G In 
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particular, this is the case for matrix symbols (cf. Section 00} ■ Note also that each 
quasinormal composition operator satisfies (jSCCp with some P (cf. Proposition !]!)]) . 

Now we show that if a measurable family P: A x <B(R+) — > [0,1] satisfies 
(ISCCp . then all negative moments of the measure P(x, •) arc finite for /i-a.e. x G X. 

PROPOSITION 24. Suppose (J34J) and (|SCC|) hold. Then P(x, {0}) = for \i-a.e. 
x G X and the following equalities are valid for every Borel function f : R + — > R + : 

,x / x fn°° f(t)t n P(4> n (x),dt) , , 

f(t)P(x,dt) = J ° 'V y: V ( for fi-a.e. x G X, n G N. 45 

In particular, the following equalities hold for all n G N and m G Z: 

(i) /^Pfodt) = Jg i^JJffg ) f ) /or /i-a.e. x G X and every a G Q3(R+) ; 

(ii) J^Pfod*) = ^^g^ff /or /i-a.e. x G X and every a G «8(R+), 

( in ) Xt F'-ffo dt ) = nCrrM$^b ^ or M_CLe ' xeX and ever v a £ 

(iv) / °° f'P(f(i), dt)'= n" =1 W0*0) /or /i-a.e. x G X, 

( v ) Jo°° F^fod*) = r^UWMl /° r ^-«-e- x G X. 

Moreover, if > a.e. [/i], t/ien ^(h^n) = h^n a.e. [/i] /or every n G Z+. 

Proof. That P(x, {0}) = for /i-a.e. a; G X follows directly from (jSCC|) . 
Using repeatedly (jSCCj) with appropriate substitutions (cf. @), we get 

_ Ja^OM^)'^) _ L t2p (0 2 ( x )> dt ) !j np {4> n {x),dt) 

P{X ' a) ° h (0(x)) ~ h^(x))h^(x)) fl"=i WW) 

for /i-a.e. i£l whenever n G N and cr G 03 (R+). Hence, by applying |501 Theorem 
1.29], we get pS). 

Substituting /(£) = t m x<j(t) into (j45j) . we get (i). Applying (i) to m = — n we 
obtain (iii). In turn, applying (i) to m = and a = R+, we get (iv). Combining 
(i) and (iv) gives (ii). Finally, (v) follows from (iii), applied to a = R+. 

To show the "moreover" part, assume that > a.e. [ll]. Arguing as in the 
proof of Lemma [lH we infer from ([4"4"]l that for every Borel function /: W.+ — > R + , 



/(t)P(-, dt)J (x) = y f(t)P(x, dt) for /i-a.e. x G A. 

Substituting /(i) = t n and using Theorem IT7l we complete the proof. □ 
COROLLARY 25. If flM} a™d (|SCC[) ftoZd, i/iera /or every n G N, 



2n n „oo 

h (^'(x)) < TT h (^'(x)) < / i n P(x,di) /or fi-a.e. x G A. 



(46) 



j'=n+l j'=l 
Proof. By Proposition l2"47 v) and the Cauchy-Schwarz inequality, we have 

^ 2 

:P(x,di) ' 



</ t n P(x,dt) —P{x,dt) for /i-a.e. x G A, n G N. 
Jo Jo *™ 

Hence, the right-hand inequality in ([46)) holds. This, together with Proposition 

1247 iv). implies the left-hand inequality in (|46|) . □ 
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In Proposition [26] we characterize the circumstances under which the equalities 
Eih^n) = U^n a.e. [fi], n £ Z+, hold. It is worth mentioning that the condition 
(iv) below resembles the formula (6.4) in 1 161 Lemma 6.2] which was proved for 
Co-semigroups of bounded composition operators with bimeasurable symbols. 

Proposition 26. Let (X, stf ', /i) be a a-finite measure space and <j> be a non- 
singular transformation of X such that < oo a.e. [fx]. Then the following two 
conditions are equivalent: 

(i) E(h^) = h0» a.e. [/i] for all n £ N. 

(ii) h^n+i o (f> = o (f> ■ htf,n a.e. [fj] for all n £ N. 
Moreover, if (i) holds, then the following equalities are valid: 

(iii) h^m+re o (f> n = li0 o (f> ■ ■ ■ o ip n ■ h^m a.e. [/i] for all m £ Z + and n £ N, 

(iv) h^m+ re o 0" = h^n o <p n ■ h^m a.e. [/i] /or aZZ m £ Z + and n 6 N, 

(v) h^n o cj) n — o ■ ■ • o 0" a.e. [/i] /or aZZ n £ N, 

(vi) fu^+i o = b$ o <p° ■ ■ ■ o (f> n a.e. [fj] for all n £ Z + . 

PROOF. (i)=>(ii) This is a direct consequence of (|36l) . 

(ii)=>(i) Applying the operator of conditional expectation to both sides of the 
equality in (ii) and using ©, we get h^+i o0 = U^ocj)- E(h0™) a.e. [/i] for all n £ N. 
This together with (ii) implies that h^o</)- h^™ = h^ot/)- E(h^n) a.e. [/i] for all n 6 N. 
Since o > a.e. [/i], we get (i). 

Now assume that (i) is satisfied. By (ii), the equality in (iii) is valid for n = 1 
and for all m £ Z + . Suppose that this equality holds for a fixed n £ N and for all 
to £ Z + . Since the equality in (ii) is valid for n = 0, we see that for every m £ Z + , 

h 0m+( „ + i) o <j) n+1 = h 0(m+1)+n o 0™ o = h o 2 • ■ • h o • h 0m+ i o <j> 

= o 4> 2 ■ ■ ■ o • o (/) • h 0m = o • • • h o </>" +1 • h 0m a.e. [/a] . 

By induction, this implies (iii). 

Substituting m = and to = 1 into (iii) we get (v) and (vi), respectively 
Combining (iii) with (v) gives (iv). This completes the proof. □ 

The following is a direct consequence of Propositions [M] and |2T)1 

Corollary 27. // ([54]) and (jSCC[) are satisfied and > a.e. then 
h^n+i o (j) = o ■ h^n a.e. [/i] /or all n £ N. 

Remark 28. Under the assumptions of Proposition [551 if additionally is a 
bijection whose inverse 4>~ l is nonsingular (see [161 Lemma 3.1(h)] for the possibility 
of weakening this assumption), then </> -1 (.e/) = and thus, by Proposition |26f v) . 

h n = o <j>° ■ ■ ■ h o c/)-^-^ a.e. [fj], n £ N. 

This happens for composition operators with matrix symbols (cf. Section [3. 1| . 

The next observation is inspired by |16[ Remark 6.4]. 

Remark 29. Note that if (|34[) holds, the measure tP(x,dt) is determinate 
for /i-a.e. x £ X and H n+ \ o = o ■ i7„ a.e. [/i] for every n £ Z + , where 
i? n (a;) = f™t n P(x,dt), then ([SCCj) is valid. Moreover, if h > a.e. j/t], then 
•ffn = a.e. [/i] for every n £ Z + . Indeed, take a set .Xo £ srf of /z-full measure 
such that for every x £ Xq, the measure tP{x, dt) is determinate and H n+ i(<j)(x)) = 
b<f,((j)(x))H n (x) for every n £ Z + . Then the measures tP(<f)(x),dt) and P(a;,di) are 
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determinate for every x G Xq H (j)~ 1 {Xo) (cf. |39[ Lemma 2.1.1]). Since, by our 
assumption, the nth moments of the measures tP(4>{x),dt) and h,j ) ((f>(x))P(x, dt) 
coincide for all n G Z + and x G Xq, and [i(X \ (Xq n 4>~ 1 (Xq))) = 0, we see that 
(|SCCp is satisfied. The "moreover" part follows from Theorem H71 

We conclude this section by showing that for bounded subnormal composi- 
tion operators condition (i) of Proposition [26] holds if and only if the representing 
measures of {h^(x)}^L , x G X, form a measurable family which satisfies (|SCCp . 

PROPOSITION 30. Suppose ([31]) holds, G B(L 2 («)) and 

for fi-a.e. x G X, {h^™ (x)}^L is a Stieltjes moment sequence 
with a representing measure P(x, •). 

Then P satisfies (jCCp and the following three conditions are equivalent: 

(i) P satisfies (ISCC]) . 

(ii) E(P(-, cr))(x) = P(x, a) for [i-a.e. x € X and for every a G 05 (R+), 

(iii) E(h^n) = h^n a.e. [«] for every n G Z+. 

Proof. First we show that P satisfies (|CC|) . In view of ([47]) and Lambert's 
criterion (see [41] ; see also |15l Theorem 3.4]), is subnormal. By |36[ Theorem 
9d] and Theorem [TBI > a.e. [«] and there exists an ^-measurable family 
P : X x 03 (R+) — > [0, 1] of probability measures which satisfies ([CCP (with P in place 
of P), and which has the property that the closed support of P(x, •) is contained 
in [0, IIC^II 2 ] for u-a.c. x G A. It follows from ([47]) and Theorem fTTl that the nth 
moments of the measures P(x, •) and P(x, •) coincide for every n G Z + and for /x- 
a.e. x € X. Since any Borel measure on R + with compact support is determinate, 
we conclude that P(x, •) = P(x, •) for //-a.e. Hence P satisfies (|CC[) . 

(i) <^>(ii) This is clear, because P satisfies (|CC[) . 

(ii) =^(iii) Apply the "moreover" part of Proposition [24j 

(iii) =>(ii) We partially follow the proof of [151 Theorem 3.4]. Without loss of 
generality we may assume that h^o = 1, h^™ is -1 (^/)-measurable and ^ h^n < 
oo for all n G Z + . Set Y = H^Lo {x G X : hj, 2 („+i) (x) < 1 1 C*0 1 1 4 h0 2 " (x)} . It is clear 
that Y G <fi~ 1 (£/). Since for every / G L 2 (/j,) and for all n G Z + , 



we deduce that fi(X \ Y) = 0. Given a nonempty subset VF of C, we define the 
subsets Zw and Zw of X by 



Let S be a countable and dense subset of C. Noting that Zc = Zg and Zc = Zg, 
we deduce that Z c , Zc G (j)' 1 ^). It follows from ([17]) and [U Theorem 6.2.5] that 
fi(X \ Z c ) = n(X \ Zc) = 0. Set Q = Y n Z c n Z c . Then i? G 0~ 1 (^) and 
fi(X \ Q) = 0. Applying [4] Theorem 6.2.5] and (67] Theorem 2], we see that for 
every x G fi there exists a Borel probability measure $ x on K := [0, IjC^H 2 ] such 



/ l/| 2 h^(n +1 )dM=||C 2 C|"/|| 2 <||^|| 4 ||C 2 "/|| 2 = ||^|| 4 / l/ph^du, 




n 




n 
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that J K t nr ff x (dt) = h0n(x) for all n € Z+. It follows from Lemma [Til that the 
function fl 3 x H> ^(cr) € [0, 1] is (.sa^-measurable for every a G Define 
P: X x <8(R+) -> [0,1] by 

P ( X > CT ) = ;m + u • CT e 03(R+). 

ldo( (T ) otherwise, 

It is clear that P is a </> _1 (,e/)-measurable family of probability measures. By ([47]) . 
the nth moments of the measures P(x, •) and P(x, •) coincide for all n G and 
for (U-a.e. a; G X. Hence P(x, •) = P(x, •) for /i-a.e. x G X. This yields 

E(P(-, <r))(x) = E(P(-, <r))(x) = P(x, a) = P(x, <r) 

for /x-a.c. x G X and for all a G 03 This completes the proof. □ 

3. APPLICATIONS AND EXAMPLES 

3.1. The matrix case. Fix a positive integer k. Denote by w K the re-dimen- 
sional Lebesgue measure on the K-dimensional Euclidean space R K . We begin by 
introducing a class of densities on R K . Denote by J4? the set of all entire functions 
7 on C of the form 

oo 

7 (z) = ^ a „z", zGC, (48) 

ra=0 

where a n are nonnegative real numbers and afc > for some k ^ 1. Let 7 be in Jf? 
and || ■ || be a norm on M K induced by an inner product. Define the cr-fmite Borel 
measure /i 7 on R K by /i 7 (dx) = 7(||x|| 2 )a; K (dx). Given a linear transformation A 
of R K , one can verify that the composition operator Ca in L 2 (p 7 ) is well-defined if 
and only if A is invertible. If this is the case, then (cf. |56l equation (2.1)]) 

\detA\ 7(|]x|| 2 ) 

Hence, each well-defined composition operator Ca is automatically densely defined 
and injective (because < < 00 a.e. [/i 7 ]). We refer the reader to |56j for more 
information on this class of operators (see [43] for the case of Gaussian density) . 

The main result of this section will be preceded by an auxiliary lemma concern- 
ing the measurability of convolution powers of families of Borel measures on R+. 
Given n G N and a finite Borel measure v on R+, we define the nth multiplicative 
convolution power v* n of v by 



M»)= "/■■-...a ' ^1T\{0}. (49) 



v m {a)= / ... / x«r(fi"-f»Md*0-- •"(<!*».), <xeQ3(R+). (50) 
Jo Jo 

We also set v*°(a) — Xo-(l) for er G 03 (R+). The standard measure-theoretic 
argument shows that for every Borel function / : M + — > R + , 

/>oo poo 

f{t) V * n {dt) = ... /(ti"-t«Mdfi)...i/(dt„), n G N. (51) 
Jo Jo 

Lemma 31. Let (X, jz/) &e a measurable space and {v x : x G X} fee a family of 
finite Borel measures on R+ such that the function X 3 x t— > v x (a) G R+ is si - 
measurable for all a G 03 (R+ ) . Then the function X 3 x 1— > v* n (o~) is s/ -measurable 
for all a G 03(R + ) and n G Z + . 
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Proof. We can assume that n 2. Suppose first that there exists R £ R+ 
such that the closed support of each measure v x is contained in K := [0,R]. 
The standard measure-theoretic argument shows that the function X 3 x i— ¥ 
J t m is x (dt) £ R+ is ^-measurable for all m £ Z + . It follows from (|5TJ that 

t m v* n (dt) = (^ i OT i/ a (dt)) n , .T£A,m£Z+. (52) 

By [60[ Corollary 3.4], the closed support of ^*™ is contained in [0, R n \ for every 
x € X. Note that v* x n = whenever ^(M + ) = 0. Since X 3 x i-> ^(M+) £ M+ 
is ^-measurable, we deduce from (|52|) and Lemma [TT] that the function X 3 x H> 
f*™0) £ R+ is ^/-measurable for all a £ 93 (R+). 

Coming back to the general case, we set ^^(c) = v x {a n [0,fc]) for x £ X, 
cr £ 93(R + ) and k £ N. Applying the above to {vk,x- x £ X}, fc £ N, and using 
(|50)) . wc complete the proof. □ 

Now we show that if a linear transformation A of R K is normal] in (R K , 1 1 • 1 1 ) , then 
the composition operator Ca is subnormal in L 2 (/i 7 ). As shown in 1561 Theorem 
2.5], the converse implication is true for bounded composition operators (see also 
[151 Theorem 3.6] for the case of families of composition operators). It is an open 
question whether this is true for unbounded operators. 

Theorem 32. Let 7 be in J^f , || • || be a norm on R K induced by an inner product 
and A be an invertible linear transformation o/R K . If A is normal in (R K , j| • ||), 
then Ca is subnormal in Z/ 2 (/i 7 ). 

PROOF. Let (C K , || • || c ) be the Hilbert space complexification of (R K , || • ||) with 
the inner product (•, — ) c and A c be the corresponding complexification of A. Then 
A c is invertible and normal in (C K , || • || c ). Denote by E the spectral measure of 
|A C |~ 2 . For x £ R K , define the finite Borel measure v x onR + by u x (a) = (E(a)x,x) c 
for a £ 93(R+). Since A c is normal, we see that A C E(-) = E(-)A C , which yields 

v Ax {a) = (\A c \ 2 E(a)x,x) c = {{\A c \- 2 )- l E{a)x,x) c = J jU x (dt) (53) 

for all x £ R K and a £ 93 (R + ). Noting that the function R K 3 x i-> v x {a) £ R + 
is continuous for every a £ 93 (R + ) and applying Lemma 1311 wc deduce that the 
mapping P: R K x 93(R + ) -> [0, 1] given by 



P(x,a) 



^a n v* n (\detA\-o-) if x ^ 0, 



7(IN| 2 )^ * * " ' ' ^ ' a£93(R + ), (54) 

U*(i) if 1 = 0, 

is a 93(R K )-measurable family of probability measures, where {a„}^L * s as m 
and I dot A\ ■ a := { \ det A\ t: t £ cr}. 

We claim that P satisfies (|SCCj) . For this, note that 

tv*A x {dt) = ... X<r(h ■ ■ ■ t n ) ■ h ■ ■ ■ t n v Ax {dti) . . . v Ax {dt n ) 



Jo 



Xa{h ■ ■ ■ t n )v x (dti) . . . v x {dt n ) 



Equivalcntly: VAV 1 is normal in (R re , | ■ |), where | ■ | is the Euclidean norm and V is a 
positive invertible operator in (R K , | ■ |) such that = \Vx\ for all x £ X (cf. [561 p. 310]). 
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@ y* x n {<y), x g M K , a g «8(R+), neN. (55) 
Now, by applying the measure transport theorem and (|49j) . we geiQ 

/ fP^d^^l^f^ / |defcA|.ii/£(|detA|.dt) 



n=0 



V 



t55l 



7(lkH 2 )^ 7|detA|.<7 

^ OO 

-^J2 a ^: n (\detA\.a) 



n=0 

= P{x,cr), x er\{0},ff GQ5(R+), 
which proves our claim. Applying Theorem [5] completes the proof. □ 

The part of the proof of Theorem 1521 regarding the Q3(R K )-measurability of the 
family P is based on Lemma 1311 Although in the matrix case this can be justified 
in an elementary way, Lemma [3"T1 is much more general and fits well into the context 
of Lemma [TT1 

We conclude this section by noticing that Theorem [35] remains true for compo- 
sition operators whose symbols are invertible C-linear transformations of C K . The 
proof goes along the same lines with one exception, namely we have to replace 
| det A| by | det A| 2 (cf. ggj Section 3]). 

3.2. The discrete case. In this section we assume that (A, si ' , /j) is a discrete 
measure space, i.e., A is a countably infinite set, &/ = 2 X and // is a cr-finitc measure 
on (or equivalently, fi({x}) < oo for every x G X). Let be a transformation 
of X. Clearly, (f> is .^/-measurable. To simplify notation, we write fi(x) = [i({x}) 
and 4>» 1 ({ x }) = {v € <f)~ 1 ({x}): n{y) > 0} for x G X. The transformation <fi is 
nonsingular if and only if n((f>~ {{%})) = for every x G X such that fJ,(x) = 0. 
Hence, if fj,(x) > for every x G X, then <fi is nonsingular. Assume that <j) is 
nonsingular. Setting h^,n(x) = 1 if fi(x) = 0, we see that 

tu„ (a;) = ^~ n( -\ x V\ xeX,neZ+. (56) 

(Recall that, according to our convention, jj = 1). Thus < oo a.e. [fi] if and 
only if yu(0 _1 ({x})) < oo for every x G X with fi(x) > 0. The positivity of and 
surjectivity of (j> relates to each other as follows. 

Lemma 33. If fi(x) > for all x G X , then \\${x) > for all x G A i/ and on/y 
if<f>(X) = X. 

PROOF. Note that for every x G A, h^(x) > if and only if _1 ({a;}) 7^ 0. □ 
Assume that < 00 a.e. [fj]. Since A = |Ja;e0(X) < t )1 ({ x })j we get 



^ The notation t'Xd det A| • dt) is used when integrating with respect to the measure 
Q3(K+) 3 m det A| -a) e M+. 
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where the symbol "|J" is used to denote pairwise disjoint union of sets. Note that 
a function / on X taking values in K + or in C is 0~ 1 ( I g/)-measurable if and only 
if / is constant on <fi~ 1 ({x}) for every x G 4>{X). Setting E(/) = 1 on _1 ({:e}) if 
/u(</) _1 ({a;})) = 0, we see that 



E (/)= E ?fc^(W) (57) 



xe<t>(X) 

for every function / : X — » R + . By linearity this equality holds a.e. [/x] for every 
/ G L 2 (i±) as well. 

Now we investigate the consistency condition (|CC[) in the context of discrete 
measure spaces. Since s/ = 2 X , we can abbreviate the expression "an si -measurable 
family of probability measures" to "a family of probability measures" . 

Lemma 34. Let (X,s/,fj,) be a discrete measure space, P: X x S(M+) — > [0, 1] 
be a family of probability measures and <p be a nonsingular transformation of X such 
that < oo a.e. [fj]. Then (|CC|) is equivalent to each of the following conditions: 

(i) for every x G X such that /i((/) _1 ({x})) > 0, the following holds: 

ftP(x,dt)= ^r\-PM: ^e®(K+), 

(ii) for every x G X such that iz(<^ _1 ({x})) > 0, the following holds: 

P(y, {0}) = for every y G <fc~ 1 ({ x }); an< ^ 

P(x,a)= ^\-j-P(vAt), aG»(M+), 

y£<P. ({»}) 

(hi) /or every x € X such that /i(0 _1 ({x})) > 0, the following holds: 
P(y, ■) *C -P(x, •) /or every y G <?!>." 1 ({^D; an d 

(iv) /or every x £ X such that ^j,((j)~ 1 ({x})) > 0, i/ie following holds: 
P(x, {0}) = 0, P(y, •) < P(x, ■) for every y G ^({x}), and 

3/G0. l ({x}) 

PROOF. Applying d56]), (EU) and the decomposition X = \_\ x e4>(X) ( t > ~ 1 i.{ x ))i 
we deduce that (|CC|) is equivalent to (i). In turn, employing (|56l) . ([57]) and Lemma 
[T4T ii). we verify that (i) is equivalent to (ii). By the Radon- Nikodym theorem, (i) 
is easily seen to be equivalent to (iii). 

(ii)=>(iv) Since (ii) implies (iii), it suffices to show that P(x, {0}) = whenever 
n((j)~ l {{x})) > 0. Suppose that, on the contrary, there exists x G X such that 
/i(0 _1 ({a;})) > and P(x, {0}) > 0. Since <j> is nonsingular, we see that fi(x) > 0. 
Hence x G cj)" 1 ({(j>(x)}) , and thus by (ii) P(x, {0}) = 0, a contradiction. 

(iv)=*>(iii) Evident. □ 

The above preparation enables us to state a discrete version of Theorem [9l 
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Theorem 35. Let (X,£f,(j,) be a discrete measure space and <j> be a transfor- 
mation of X such that 

(i) for every x G X, fi(x) = if and only if /x(0 _1 ({a;})) = 0, 

(ii) < oo for every x £ X such that [x(x) > 0. 

Suppose there exists a family P : X x *B(R+) — > [0, 1] of probability measures which 
satisfies one of the equivalent conditions (i) to (iv) of Lemma 1341 Then is 
subnormal. 

PROOF. By ([56")) . the conjunction of the conditions (i) and (ii) is equivalent 
to requiring that cf> is nonsingular and < < oo a.e. [/i]. Combining [131 
Proposition 6.2] and (HJ), we see that < h^, < oo a.e. [/z] if and only if is 
injective and densely defined. Hence, by applying Lemma 1341 and Theorem [9] with 
C(t) = t, we complete the proof. □ 

It is worth mentioning that if <p is an injective nonsingular transformation of 
a discrete measure space, then, by (|56[) . h^n < oo a.e. [/i] for every n £ N, and 
thus, by 1 131 Corollary 4.5 and Theorem 4.7], D 00 ^^) is a core for for every 
n £ Z+. Moreover, the conditional expectation E(-) acts as the identity map (see the 
paragraph just below (031). Hence (|CC[) becomes (|SCC[) . This observation enables 
us to apply the results of Section [2~4l In particular, combining Propositions l2~47 i) 
and [26Tv) . we get the following. 

PROPOSITION 36. Let (X,£/,/j.) be a discrete measure space and <fi be an in- 
jective nonsingular transformation of X . Assume that P: X x Q3(R+) — > [0, 1] is a 
family of probability measures which satisfies (|CC[) . Then 

(i) f a t n P((f> n (x),dt) = h^{(t) n {x)) ■ P(x,a) for all a G 93 n £ Z+ and 
x £ X such that ^(x) > 0. 

Moreover, if (J,(x) > for every x £ X , then 

(ii) J a t n P(x,dt) = U,pn{x) ■ P((cl) n )- 1 {x) 1 a) for all a £ Q3(M+), x £ 4> n {X) 
and n £ Z + . 

Below we will discuss the question of subnormality of composition operators 
in i 2 -spaces over discrete measure spaces with injective symbols. This is done by 
exploiting a model for such operators which is based on [661 Proposition 2.4]. 

Remark 37. Suppose (X, fj,) is a er-finitc measure space such that X is at 
most countable, si = 2 X and fi(x) > for every x £ X. Let <j> be an injective 
transformation of X. We say that is of type I if there exists u £ X such that the 
mapping Z + 3 n — > (f> n (u) £ X is bijective, of type II if </> is bijective and there exists 
u £ X such that the mapping Z 9 n — > <fr n (u) £ X is bijective, and of type III if 
there exist u £ X and m€N such that the mapping {0, . . . , m — 1} 3 n i-> <fr n (u) £ 
X is bijective (note that then </> m = idx)- One can show that a composition 
operator of type I cannot be subnormal (in fact, it is not hyponormal because 
C<j,X{u} — and C^X{u} 7^ 0): an d it is unitarily equivalent^ to the adjoint of an 
injective unilateral weighted shift. A composition operator of type II is unitarily 
equivalent to an injective bilateral weighted shift. Hence, by applying Theorem I35[ 
we obtain the Berger-Gcllar-Wallcn characterization of subnormality of injective 

^ via the unitary isomorphism U: l 2 (Z+) — > L 2 (fi) given by (U f)(cf> n (u)) = /(") _ f or 
n 6 Z+ and / 6 ^ 2 (Z+); see also [38] Remark 3.1.4]; 
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bilateral weighted shifts (see 1121 Theorem 3.2] and note that Theorem l47l follows 
from Theorem I35|) . In turn, a composition operator of type III is a bounded mth 
root of / (because dim L 2 (//) < oo and 4> m = idx)- Hence, by Proposition lA.3[ it is 
subnormal if and only if it is unitary. The latter happens if and only if = 1 (again 
because dimL 2 (/z) < oo), or cquivalently if and only if X 3 x > /i(x) G (0, oo) is 
a constant function. It follows from 1661 Proposition 2.4] and Proposition IC. II that 
if <j) is an arbitrary injective transformation of X, then there exist N G N U {oo} 
and a sequence {Y n }^ =1 C s^{4>) of pairwise disjoint nonempty sets such that 
X = U n=1 Y n , each is of one of the types I, II or III, and is unitarily 

equivalent to ©^Li C^ Y (with the notation as in Appendix [C]). In view of the 
above discussion, if Cj, is subnormal then there is no summand of type I in the 
decomposition @^=i ^y„ ; an d thus is unitarily equivalent to an orthogonal 
sum of at most countably many operators, each of which is either a subnormal 
injective bilateral weighted shift or a unitary mth root (m 1) of the identity 
operator on a finite dimensional space. On the other hand, by Corollary IC.21 an 
orthogonal sum of at most countably many composition operators of one of the 
types I, II or III is unitarily equivalent to a composition operator in an L 2 - 
space over a er-finitc measure space (X,2 x ,/j,) such that X is at most countable, 
fi(x) > for every x G X and <£> is injective. 

3.3. Local consistency. In this section we show that the "local consistency 
technique" introduced in Lemma 4.1.3] for weighted shifts on directed trees can 
be implemented in the context of composition operators in L 2 -spaces over discrete 
measure spaces. The non-discrete case does not seem to make sense. In what 
follows we preserve the notation from Section [3~2l 



Lemma 38. Let (X,,e/,fi) be a discrete measure space and 4> be a nonsingu- 
lar transformation of X such that < oo a.e. \p]. Let x G X be such that 
H(4>~~ ({%})) > and for every y G 4>* 1 {{ x \)> {^^{y^^Lo * s a Stieltjes moment 
sequence with a representing measure "d v . Then the following assertions are valid. 

(i) If 

ye<f>. 1 ({x}) 

then {h^n (x)}^L Q is a Stieltjes moment sequence with a representing mea- 
sure i!} x given by 

^( CT ) = E 44 / ^y(<it)+e x -8 (o-), a G ®(R + ), (59) 

j-J, cW Jo t 

y£<p.({x}) 



where 



ye<t>. l {{x}) 

(ii) //{h^(x)}^L is a Stieltjes moment sequence, and {h^n+i 

q is a 

determinate Stieltjes moment sequence, then (|58[) holds, the Stieltjes mo- 
ment sequence {^4>^(x)}'^ } =0 is determinate and its unique representing 
measure $ x is given by (|59[) and (|60[) . 
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Proof. It follows from Lemma IT5l that 

h^„+i(a;) = h 0n+ i(^(y)) = h^(x) ■ E(h <f>n )(y), i/e^ 1 ({i}),neZ + . (61) 



Using (|57| , we see that for every function / : X 



This and flU]) yield 



l ( \ rOC poo 



where is the Borel measure on R + given by 

Hence, {fun+i (x)}^ =0 is a Stieltjes moment sequence with the representing measure 
v x . Noticing that \\^{x) = 1 and 



we can apply Lemma 2.4.1] with -d = 1 to obtain (i) and (ii). This completes 
the proof. □ 

Remark 39. Regarding Lemma l38l it is worth pointing out that if E(h0«) = 
h^n a.e. [n] for every n £ Z + , then assertions (i) and (ii) are still valid if ([55)1 is 
replaced by 

f°° 1 

h^(x) • / -^y(dt) < 1 for some y 6 0. ({x}), 
Jo ' 

and ([55)1 and (p30"|) are replaced by (with the above y) 



= M^) / 7#i/(d*) + £x ■ <5 (cr) with e x = 1 - h^(x) / -^(dt). 
•J & Jo t 

Indeed, in view of (foTj). the Stieltjes moment sequence {h^+i (x)}^L is represented 
by the measure h^x) • ^ and thus we can apply Lemma 2.4.1]. Note that 
under the circumstances of (ii) the measure $ y does not depend on y £ 4'» 1 ({ x })- 

It is worth mentioning that Lemma [38] does not exclude the possibility that 
the transformation (j> has an essential fixed point x, i.e., x £ 4>» 1 {{ x }) (under the 
assumption /x(</> _1 ({x})) > 0, this is equivalent to 4>{x) = x). We will show that 
if this is the case (cf. Example I42p , then, under the determinacy assumption, all 
the representing measures "d v are concentrated on the interval (1, oo) except for "d x 
which is concentrated on [1, oo). 

Lemma 40. Under the assumptions of Lemma YS&i if {h^n (x)}^ D =0 is a Stieltjes 
moment sequence, {h^n+i (x)}^L Q is a determinate Stieltjes moment sequence and 
x £ ^{{x}), then tf x ([0, 1)) = and <& y ([0, 1]) = for every y £ ^{{x}) \ {x}. 
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Proof. Since, by Lemma l38T ii) . the sequence {h^™ (x)}^ =0 is determinate, we 
deduce that d x = d x (with <& x as in Lemma [38]) . By ([55]) . ^({0}) = for all 
U £ 4 ) * 1 {{ X })- in view of (|59|) . we see that for every cr € 33 (R+), 

i-i)^(dt)= J2 7^f^yW + £ *- 6 °^ (62) 

ye^. 1 ({x})\{^} MW G 

with the convention that ^2 yE0 v y = 0. Since the right-hand side of the equality 
in (|62p is nonnegative, we conclude that the measure "d x is concentrated on [1, oo). 
Hence, e x = and each measure fly, y £ <f>~ ({x}), is concentrated on [l,oo). 
Substituting a = {1} into ([B"2"]) completes the proof. □ 

The local consistency technique enables us to prove the subnormality of injec- 
tive composition operators under certain determinacy assumption. Theorem 14 II 
below can be regarded as a counterpart of [111 Theorem 5.1.3]. 

Theorem 41. Let (Jf, srf ', /i) be a discrete measure space and <j) be a nonsingular 
transformation of X such that {h^n (x)}^ =0 is a Stieltjes moment sequence and 
{h^n+i (x)}^L is a determinate Stieltjes moment sequence for [i-a.e. x G X. Then 
Crf, is subnormal if and only if > a.e. \jx\. In particular, Cf, is subnormal if 
/i(x) > for every x G X . 

PROOF. Suppose > a.e. [fi\. Set X, = {x G X : pi(x) > 0}. We infer 
from (56) that X. = {x G X : fi(cj)- 1 ({x})) > 0}. By Lemma [SSpi), for every 
x G A., the Stieltjes moment sequence {h^n (x)}^ =0 is determinate; denote its 
unique representing measure by -P(x, •). Set P{x, ■) = 5q for x G X \ X,. Since 
h^o = 1, we see that P: X x 33 (R+) — » [0, 1] is a family of probability measures. 
By Lemma [38jii), we have 

P(x,a)= V 44 / \p{vAt)+e x -5 {a), a G 33(K+), z G X.. (63) 

y£<t>. ({x}) 

It follows from (63) that P(y, {0}) = for all y G ^({x}) and a; £ X.. Since 
x G </> _1 ({<^(x)}) for every x € X, we deduce that 0(x) G X. and a; G 07 1 ({0(x)}) 
for every x G X.. Hence P(x, {0}) = for every x G X.. Substituting cr = {0} into 
([63]) . we deduce that e x = for every x G X.. This means that condition (ii) of 
Lemma [34] is satisfied. By Theorem 1351 is subnormal. The reverse implication 
follows from 1131 Proposition 6.2 and Corollary 6.3]. 

Suppose now that /x(x) > for every x G X. Note that for every x G X, 
the Stieltjes moment sequence {h0i(x)}^L o is determinate (see e.g., Lemma 
2.4.1]); denote its representing measure by $ x . In view of the previous paragraph 
and Lemma 1531 it suffices to show that <j>(X) = X. Suppose that, contrary to our 
claim, there exists Xq £ X \ <fi(X). Then c6 _rl ({xo}) = for all n ^ 1, which 
implies that $ xo = S . Observe that x G (p^ 1 ({</>(x )}) . Applying Lemma \SEVii) to 
x = <f>(xo) and using ([55]) . we deduce that ^({O}) = 0, which contradicts d Xo = 5q. 
This completes the proof. □ 

3.4. A single essential fixed point. Now we address the question of sub- 
normality of composition operators induced by a transformation which has a single 
essential fixed point x, i.e., 4>~ 1 ({x}) is a two-point set and 4'~ 1 {{y}) is a one-point 
set for every y ^ x. The situation seems to be simple, but it is not. It leads to non- 
trivial questions in the theory of moment problems. This enables us to construct 
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h^(fc) 



unbounded subnormal composition operators with the sequence {h0n+i(O)}^ o 
being either determinate or indeterminate according to our needs. For them the 
equalities E(h0n) = h^n a.c. [fj], n G Z+, cannot hold. This is also rare in the 
bounded case. 

Example 42. Let (X,^,fi) be a discrete measure space with X = Z + such 
that n{n) > for every n G 1+. Assume that /i(0) = 1. Define the (nonsingular) 
transformation of Z+ by (f)(0) = and <fi(n) = n — 1 for n ^ 1. By (|56|) . we have 

M(k) 

n e Z+. (64) 

if fc = 0, 

Since {x{x} : a; G X} C D°°(C0), we see that 'D° C (C^) is dense in £ 2 (//). 

Suppose {h^n (0)}^° =0 is a Stieltjes moment sequence with a representing mea- 
sure i? > {h^n+i (0)}^L * s a determinate Stieltjes moment sequence and {h^« (1)}^L 
is a Stieltjes moment sequence with a representing measure It follows from 
Lemma 1301 applied to a; = 0, that O ([0, 1)) = t?i([0, 1]) = 0. We claim that the 
Stieltjes moment sequence {h0™(l)}^L o is determinate, 

M(l) 



i - 1 



0i(dt) < 1 



and 



with 



Indeed, by f[M|) , we have 

/•OO 

h^n(0) = i + /i(i) / (l + ... + «"- 1 )i?i(dt) J neN. 



This yields 

t n (t- l)0 o (dt) = h^+i(0) - h „(O) =//(!) / i n 0i(dt), neZ+. (65) 



Note that the measure (i — l)$o(di) is determinate. Indeed, since the measure 
ii?o(dt), being a representing measure of {h^n+i (0)}^ = q, is determinate, we infer 
from (TJ]) that C[i] is dense in L 2 ((l + t 2 )£$ (dt)). Hence, if a G 58 then there 
exists a sequence {pnj^Li C C[i] such that 

/•OO 

lim / |x CT (t)-p„(i)| 2 (l + t 2 )^o(d<) =0. 

Therefore 



lim / \x*(t)- Pn {t)\ 2 (l + t 2 ){t-l)Mdt) =0. 
Jo 

This implies that C[t] is dense in L 2 ((l + t 2 )(t - l)# (di)). Applying JTJ again 
completes the proof of the determinacy of (i — l)#o(dt) (because $o([0, 1)) = 0). 
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This combined with (|65]l implies that {h^n(l)}^L is determinate and (cr) = 

J a (t - l)i? (dt) for every a G Q3(M+). Hence, for every cr G 93 (R+), 

i?o(<7) = M° n (1, oo)) + O (<7 n {1}) = / 7^|^i(df) + t? ({l})*i(<r), 

Jcrn(l,oo) 1 1 

and i?o({l}) = e, which proves our claim. 

The above reasoning can be reversed in a sense. Namely, we will provide a 
general procedure of constructing the measure /i that guarantees the subnormality 
of Ccf, (with X, srf and 4> as at the beginning of this example and /x(0) = 1). Take 
a Borcl probability measure ■& on R + such that 

tf([0, 1]) = 0, a := / ${dt) < oo, / i n tf(di) < oo for all n G Z+. (66) 

Note that a > 0. Take /x(l) G (0, 1/a] and set 

/>oo 

/i(n) = / t n -H(dt), n^2. (67) 
Jo 

Clearly, fi(k) > for all k G Z+. Define the family P: Z + x 53 (R+) [0, 1] of 
probability measures by 

' ' cr G 93(R+). (68) 

" |^l^(dt) +e<5i(cr) if fc = 0, 

with e = 1 — Jq 00 7zy$(dt). Observe that P satisfies condition (i) of Lemma IM1 
Indeed, if k ^ 1, then 

f tP(k, dt) = / t*^(d*) = ^j^P(k + 1, a), a G <B(R+), 

while for fc = 0, we have 

tP(0, dt) = ( tf(di) + e<5i(cr) 



t - 1 

= /i(l)tf(cr) + /i(l) y -L.^dtJ+efiCa) 

= /i(l)P(l,<r)+P(0,o-), a G 93(R+). 

Hence, by Theorem 1351 is subnormal. In view of Lemma 1341 and Theorem 1171 
P(k, •) is a representing measure of {h^(k)}^ =0 for every k G Z + . Note also that 

E(h0n) = h^n a.e. [/i] for all n G Z + if and only if -d = 6i +fl ny (69) 

(Of course, if •& = then e = 0.) Indeed, it is clear that E(h<^) = h«£» 

a.e. [fi] for all n G Z + if and only if h^(0) = h^n(l) for all n G Z + (cf. ([5"7|)). or 
equivalently if and only if J^j=o vti) = l- l ( n + 1)/a*(1) f° r au « G Z + (cf. (|64| ). By 
induction on n, the latter holds if and only if (j,(n + 1) = + Ml))" f° r ai ^ 

n G Z + . This and (|6T)) (consult also ((T|)) completes the proof of (fBT))) . We point out 
that the situation described in (|69|) may happen only when G B(L 2 (fi)), and if 
this is the case, then ||Q|| 2 = 1 + (cf. ([7D| ). 

Note that if and /U are as in ([B!]) and (JB7J) with = 1, //(0) = 1 and 

/i(l) G (0, 1/a], then G B(L 2 (fi)) if and only if sup(suppi9) < oo. Indeed, 
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by ASH), C G B{L 2 {n)) if and only if ^ < oo, where /3 := sup fe>1 Since 

i?(R+) = 1, we infer from (|67|) that {/i(fc + 1)}^L * s a Stieltjes moment sequence 
with a representing measure /x(l)$(di). Hence, by LemmaO we see that /3 < oo if 
and only if sup(supptf) < oo. Moreover, if C</> G -B(L 2 (/i)), then by LemmaO [46, 
Theorem 1] and (|64| we have 

IIQH 2 =max{l + /i(l),sup(suppii)}. (70) 

Now we provide explicit examples of measures •& leading to unbounded subnor- 
mal C^'s for which the sequence {h^+i (0)}^ is either determinate or indetermi- 
nate according to our needs. We begin with the determinate case. Set 

■d = c.- 1 V j- 1 e~ j2 Sj and 7„ = / f n 0(dt) for n G Z+, 

where c = 3~ X e_ "' ■ ^ ^ s easily seen that $ is a probability measure which 

satisfies (|66]). Let a, /j and P be as in (|66]). (|67| and ([68]) with /x(0) = 1 and 
£ (0, 1/a]. Note that there exists a positive real number b such that -f n ^ &n™ 
for all n > 1 (see [39l Example 4.2.2] and [60l Example 7.1]). This implies that 
there exists a positive real number b' such that h^ifi) = t n P(0, dt) ^ b'n n for 
all n 1. By the Carleman criterion (see e.g., [521 Corollary 4.5]), the Stieltjes 
moment sequences {h0«(O)}^L o and {h^n+i (0)}^ are determinate. 

The indeterminate case can be done as follows. Let $ be an indeterminate 
probability measure such tha10 $([0, 2)) = 0. Clearly -d satisfies Set /j(1) = — . 
Then e = and for every Borel function / : R + — > M. + , 

/•oo />oo 

/j(l) / f(t)(l+t 2 )tf(dt) ^ f{t)(l + t 2 )tP{0,dt). 

JO JO 

By ([1} and the indeterminacy of z?, this implies that the measure tP(0,dt) is in- 
determinate, and thus the corresponding sequence of moments {h^n+i (0)}$£L is 
indeterminate. 

3.5. Finite constant valences on generations. In this section we investi- 
gate composition operators built on a directed tree with finite constant valences on 
generations. Let ST = (V, E) be a rootless and leafless directed tree, where V and 
E stand for the sets of vertices and edges of ST, respectively. Denote by par(u) the 
parent of v G V. Assume that V is countably infinite. Let /i be a cr-finite measure 
on 2 V such that n(x) > for every x G V; call fi(x) the mass of the vertex x. Set 
4> = par. By 1381 Proposition 2.1.12], there exists a partition {G m } m gz of V such 
that G m +i = \_\xeG 4>~ 1 {{ x )) f° r ever y ™€Z; call G m the mth generation of £? '. 
Assume that {K m }mez is a two-sided sequence of positive integers and {a m }mez is 
a two-sided sequence of positive real numbers such that 

has K m elements for all x G G m and m G Z, (71) 
H(x) = a m for all x G G m and m G Z. (72) 



Consider e.g., the measure $ given by tf(o-) = 0(1 ■ cr) for <t e ( B(M+), where i? is the 
g-orthogonality probability measure for the Al-Salam-Carlitz polynomials (0 < q < 1), which is 
indeterminate and supported in {g — "}^Lq (cf. I20 |). 
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We call {Km}mez the valence sequence of 3F. Define {ic m } m gz C (0, oo) by 

Yl™Jo *j ifm^l, 

1 ifm = 0, (73) 

[UJ=i K -j) 1 ifm<-l. 
It is a matter of routine to show that 

K m k m = «m+i, m e Z. (74) 
Lemma 43. Under the assumptions above we have 

n—l 

(i) h,p n (x) = m+n Y[ K m+j for all x G G m , m G Z and n ^ 1, 

(ii) E(h^») = h^n /or a// n G Z+, 
(hi) V^iCp) is dense in L 2 {fi). 

Proof, (i) We use induction on n. If n = 1, then by (fTTj) and (j?2")) . we have 
Now, assume that the induction hypothesis holds for a fixed n ^ 1. Then 

n-1 

E^m+l , / % a m+l Cim+n+1 YJ 
h 0"(y) = 2^ 11 

ye<t>- l ({x}) a ™ wg^-HW) a ™ a ™ +1 3=0 

n n 
E) Q'm+rt+l TT _ «m+n+l TT „ 
— K m J_ J_ K-m+j — J_ J_ rCm+j'i ^ G u m , 77?, G A. 

This completes the proof of (i). 

(ii) By (i), the function h^-r. is constant on cj)~ 1 ({x}) for all x E V and n ^ 1. 
Since h^o = 1, we get (ii). 

(hi) By (i), { X { X } : xeV} C D°°(C^), which yields (hi). □ 

A two-sided sequence {a n }nez Q R+ is called a two-sided Stieltjes moment 
sequence if there exists a Borel measure v on (0, oo) such that a n = J, ^ s r V(ds) 
for every n G Z; the measure z/ is called a representing measure of {a n }nez- By |4l 
page 202], we have 

{a n } ne z C R_|_ is a two-sided Stieltjes moment sequence if and only 
if {a n -k}^Lo 18 a Stieltjes moment sequence for every k G Z+. 
Using our main criterion, we provide necessary and sufficient conditions for subnor- 
mality of composition operators considered above. To the best of our knowledge, 
this class of operators is the third one, besides unilateral and bilateral injective 
weighted shifts (cf. I62LI12| ). for which condition (ii) of Theoreml4"4l known as Lam- 
bert's condition (see |40j ). characterizes the subnormality in the unbounded case. 

Theorem 44. Under the assumptions of the first paragraph of this section, 
T>°°(C^) is dense in £ 2 (/i) and the following four conditions are equivalent: 

(i) C$ is subnormal, 
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(ii) {||C , ^/|| 2 }^L is a Stieltjes moment sequence for every f G D°°(C0), 

(iii) {^tp"{x)}^ = Q is a Stieltjes moment sequence for every x G V , 

(iv) {a m k m } m< £z is a two-sided Stieltjes moment sequence (cf. (|73D ). 

PROOF. By Lemma !33Tiii). T)°°(C^) = L 2 (fi). The implications (i)=>(ii) and 
(ii) => (iii) follow from Jill Proposition 3.2.1] and (131 Theorem 10.4] respectively. 

(iii) =^(iv) Set "f m = a m k m for m G Z. An induction argument based on ([74]) 
shows that k n _ m = K_ m IlJ=o K j-?n f° r au m € ^+ anc l n € N. Applying Lemma 
I43f i) implies that 7„_ m = (X— m k- m h^n{x) for every n G Z+ and for all x G G_ m 
and m G Z+. This, together with ([75]). yields (iv). 

(iv) =>(i) Let v be a representing measure of the two-sided Stieltjes moment 
sequence {a^ }m£Z- Define the mapping P: V x <B(R + ) — >• [0, 1] by 

P(x, a) = — ^— f t m dv(t), x G G m , o- G 58(11+), m G Z. (76) 

Since v is a representing measure of {«q 1 a ? nK m } mg z, we see that P is a family of 
probability measures. Applying ([74]) . ([76]) and Lemma l43li) . we deduce that 

JjP(^x),dt) _ ap 

OLfYiK-m— i 

= P(x, ct), cr G <8(R+), a; G G m , m G Z. 

This means that the family P satisfies (|SCC[) . Since < < oo, we infer from 
Theorem [5] that is subnormal. This completes the proof. □ 

Remark 45. In view of Theorem 23J is subnormal if and only if there 
exists a two-sided Stieltjes moment sequence {7 m }mez such that a m = k m lr y m for 
all 77i G Z. Hence, if 3? is a full K-ary directed tree, i.e., n m = k for all m G Z, then 
k m = n m for all ?77- G Z, and consequently C$ is subnormal if and only if {a m } m6 z is 
a two-sided Stieltjes moment sequence. This characterization of subnormality of 
does not depend on k. For k = 1, it covers the case of injective bilateral weighted 
shifts (cf. |35| and [62]). Therefore, a question arises as to whether the composition 
operator built on a directed tree with the valence sequence {7t m }mez is unitarily 
equivalent to an orthogonal sum of injective bilateral weighted shifts. The answer is 
in the negative if n m > 1 for some m G Z. This is because the adjoint of an injective 
bilateral weighted shift is injective and ^ {0}. To see that N(Cp ^ {0}, 

observe that the linear span of the set {x{x} '■ % G V} is a core for (use [131 (3.5)] 
and h<£ < oo). Hence / G L 2 (n) belongs to if and only if (/, X^- 1 ({>})) = 

for every x G V, which implies that for every x G r := Urn-re >i ^ m there 
exists normalized h x G x^- 1 ^})-^ (aO orthogonal to X^- 1 ({a:}) an d vanishing on 
V \ _1 ({x}). Then {h x : x G P} is an orthonormal system in N(C!) and thus 
^(Cp ^ {0}. Clearly, if P is infinite, then dim^C^) = K . 

Now we discuss the case of unilateral weighted shifts. By Lemma l437 i). for 
{Kmjmez C N there exists {a m }mez Q (0, oo) such that Cp is an isometry. Clearly 

oo oo 

^°°(CV) := f| nC^) = fl fl {/ e L ' 2 (^ : / is constant on <T"({*})}- 

n— 1 n— 1 x£V 

Hence, / G L 2 (/.i) belongs to Di^C^) if and only if / is constant on G m for every 
m G Z. Thus, by (75]), :R°°(CV,) = {0} if and only if G m is infinite for every m G Z 
(by [381 (6.1.3)], the latter is equivalent to limsup m _ > _ oc n m > 2). If this is the 
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case, then by Wold's decomposition theorem (cf. 1231 Theorem 23.7]) G$ is unitarily 
equivalent to an orthogonal sum of unilateral isometric shifts of multiplicity 1. 
Otherwise, the unitary part of is nontrivial and so, by Wold's decomposition, 

is not unitarily equivalent to an orthogonal sum of unilateral weighted shifts. 

Regarding Theorem 1441 if the masses of vertices of the same generation are 
not assumed to be constant, then there is no hope to get a characterization of 
subnormality of C^. Only a sufficient condition written in terms of consistent 
systems of probability measures can be provided (cf. [Ill 112] ). The implications 
(ii)=^(i) and (iii)=>(i) are not true in general (cf. [391 113] ). 

Now we characterize the boundedness and left semi-Fredholmness of subnormal 
composition operators considered in Theorem 1441 For the theory of Fredholmness 
of general and particular operators, we refer the reader to }33j and [38] respectively. 



Proposition 46. Under the assumptions of the first paragraph of this section, 
ifCcf, is subnormal and v is a representing measure of {a m ii m }mez (cf. (|73|) ). then 
supp i/^=0 and the following assertions hold: 

(i) C<f, is in B(L 2 (^)) if and only ifsup(supp^) < oo; moreover, if this is the 
case, then ||C^|| 2 = sup(suppi/), 

(ii) if c is a positive real number, then \\C^,f\\ ^ c||/|| for every f € D(C^) if 
and only i/ inf (supp z^) c 2 , 

(hi) C,/, is left semi-Fredholm if and only «/ inf (supp z^) > 0. 

Proof. Set j m = a m k m for m G Z. Since 70 > 0, we see that suppz^ 7^ 0. 

(i) Applying LemmaOto the sequences {7 m _fc}^ =0 , k e Z+, we deduce that 
the two-sided sequence { 7 " +1 } mgZ is monotonically increasing and 

, / \ (t) 7m+l 7m+l / -> 

sup n^(x) = sup = sup = sup(suppzz), 

xdV m£Z 7m m£Z+ 7m 

where (f) follows from Lemma l43T i) and ([74]) . This and 1461 Theorem 1] yields (i). 

(ii) We first note that {7- m }mez is a two-sided Stieltjes moment sequence 
with the representing measure v o r _1 , where r is the transformation of R + given 
by r(t) = j for t £ (0, oo) and r(0) = 0. Using the fact that the two-sided sequence 
| 7"*+i } meZ is monotonically increasing (see the previous paragraph) and applying 
Lemma[5]to the Stieltjes moment sequence {7_ m }^ =0 , we get 

inf { ^ m+1 : m G zl = inf { — ? " : m G Z + \ = 

L 7m > lj-m-1 > 



/7-(m+l) _ w \ 

< : m G Z + > 



sup 

I 7_ 

= 7 rrr = inl (supp v). (77) 

sup(supp v or ) 

By Proposition!! Lemma [Hi) and dJl, ||C* /|| ^ c||/|| for every / G D(C ) if 
and only if inf {3^±l : m € Z} ^ c 2 . This and ([77]) imply (ii). 

(hi) Since is injective closed and densely defined, wc infer from the closed 
graph theorem that is left semi-Frcdholm if and only if it is bounded from below. 
This and (ii) complete the proof. □ 

Note that under the assumptions of Proposition 1461 it may happen that is 
bounded from below and the measure v is indeterminate. A sample of such measure 
appears in the last paragraph of Example 1421 In fact, any A^-extremal measure on 
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M+ different from the Krein one meets our requirements (see 1391 Section 2.1] for 
an overview of the theory of indeterminate moment problems). 

3.6. Weighted shifts on rootless directed trees. Using Theorem 1331 we 
will show that Theorem 5.1.1 of remains true for weighted shifts on rootless 
and leafless directed trees with nonzero weights without assuming the density of 
C°°-vectors in the underlying £ 2 -spacc. Recall that by a weighted shift on a rootless 
directed tree 2? = (V, E) with weights A = {A v } v gv C C we mean the operator S\ 
in £ 2 (V) given by 

D(S X ) = {.f G f(V): A?f G f(V)}, 
S x f = A?f, f G D(S\), 

where Ag- is the mapping defined on functions / : V — > C via 

(A^f)(v)=X v -f(par(v)), v€V, 

and par(w) stands for the parent of v. We refer the reader to [38] for the foundations 
of the theory of weighted shifts on directed trees. 

Theorem 47. Let S\ be a densely defined weighted shift on a rootless and 
leafless directed tree 2? = (V, E) with nonzero weights A = {\ v } V £y. Suppose there 
exists a system {^„}„ 6 y of B or el probability measures on R + such that 

M«W= J2 \K\ 2 I \nv{dt), a G Q5(K+), u G V, (78) 
i>echi(«) ° 

where Chi(it) denotes the set of all children of u. Then S\ is subnormal. 

PROOF. In view of [381 Theorem 3.2.1], there is no loss of generality in assum- 
ing that all the weights of S\ are positive. It follows from 1381 Proposition 3.1.10] 
that V is at most countable. Since 3? is rootless, we infer from 1381 Proposition 
2.1.6] that V is countably infinite. Let s/ = 2 V and <j>(u) = par(u) for u G V. Since 
5* is rootless and leafless, we see that is a well-defined surjection. As the weights 
of S\ are positive, we deduce from the proof of |39l Lemma 4.3.1] that there exists 
a (T-finite measure [i on si which satisfies the following three conditions: 

fj,(u) > for all u G V, (79) 
^(v) = \l fj,(u) for all v G Chi(u) and u G V, (80) 
S\ is unitarily equivalent to the composition operator C^> in L 2 (V 7 £/,/i). (81) 

It follows from (|81l) that is densely defined, and thus < oo a.c. [/i], or 
equivalently /i(0 -1 ({«})) < oo for every u G V (cf. ([56])). Since 2F is rootless, we 
infer from ([78]) that fi u ({0}) — for every u G V. Using ([79]) and ([80]) . we deduce 
from dZ8]) that 

M«W= E 44' I " 7^(dt), <? G u G V, 

vE<f> MM) 

which means that the family P : V x 93(R+) — > [0, 1] of probability measures defined 
by P(u,a) = n u (a) for u G V and a G 93(R+) satisfies condition (ii) of Lemma I3~H 
Hence, by applying (f79")l , ([5Tj) and Theorem [331 we complete the proof. □ 
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Arguing as in the proof of Thcorem|47l one can deduce from Lcmma[38]and The- 
orem |41] that Lemma 4.1.3] and Theorem 5.1.3] remain true for weighted 
shifts on rootless and leafless directed trees with nonzero weights without assuming 
the density of C°°-vectors in the underlying ^ 2 -space. 

In the proof of Theorem [47] we have used the fact that a weighted shift on a 
rootless and leafless directed tree with nonzero weights is unitarily equivalent to a 
composition operator in an L 2 -space. Weighted shifts on directed trees are partic- 
ular instances of weighted composition operators in L 2 -spaces. Therefore, one can 
ask a question whether weighted composition operators in L 2 -spaces are unitarily 
equivalent to composition operators in L 2 -spaces. The answer is in the negative 
regardless of whether the underlying measure space is discrete or not. This can be 
deduced from Proposition 1481 which in turn can be inferred from Proposition lB.il 

Proposition 48. Let (Y,tM,is) be a a-finite measure space, w. Y — >• R be a 
3§ -measurable function and tp be the identity transformation of Y . If the weighted 
composition operator T in L 2 (v) given by 

B(T) = {/eL 2 M: W -(/o^)eL 2 M}, 

Tf = w(foip), /GD(T), 

is unitarily equivalent to a composition operator in an L 2 -space over a a-finite 
measure space, then \w\ — \ a.e. 

Note that Proposition |48] is no longer valid if we allow w to be complex- valued 
because normal operators are unitarily equivalent to the multiplication operators 
(cf. |70[ Theorem 7.33]; see also |49[ Theorem VIII. 4]) and there are normal com- 
position operators in L 2 -spaces which are not unitary (see e.g., 1541 Example 4.2]). 

Appendix A. Composition operators induced by roots of the identity 

In this appendix we will show that a subnormal composition operator induced 
by an nth root of idx must be bounded and unitary. The proof depends heavily 
on the fact that all powers of a composition operator induced by an nth root 
of idx are densely defined. We begin by showing that the closures of (a priori 
unbounded) subnormal nth roots of / are unitary. The case of bounded operators 
can be easily derived from Putnam's inequality (cf. |47l Theorem 1]). Below we 
present a considerably more elementary proof. 

Lemma A.l. If S is a subnormal operator in a complex Hilbert space T-L such 
that S n is densely defined and S n C I for some integer n ^ 2, then S is unitary. 

Proof. Clearly, S is closable and the closure S of S is subnormal. By [571 
Proposition 5.3], S n is closed. Since S n is densely defined, we deduce that S n = I. 
Hence, by the closed graph theorem, S <G B(H). Let N 6 B(K) be a minimal 
normal extension of S acting in a complex Hilbert space K,. By minimality of N, 
N n = I K . This implies that \N\ 2n = I K , and so \N\ = I K . Therefore, N is unitary 
and consequently S is an isomctry which is onto (because S n = I). □ 

Lemma IA.1I is no longer true if we do not assume S n to be densely defined. 
Indeed, for every integer n ^ 2, there exists an unbounded closed symmetric oper- 
atoiQs such that S"™" 1 is densely defined and 1>{S n ) = {0} (cf. [HJ Remark 4.6.3]; 
see also I44|, 119] for n = 2). Then S n C /, but S is not a normal operator. 



Recall that symmetric operators are always subnormal (cf. [T] Theorem 1 in Appendix 1.2]). 



UNBOUNDED SUBNORMAL COMPOSITION OPERATORS IN L 2 -SPACES 



:»,<) 



In the rest of Appendix lAl we assume that (X, &f, fi) is a c-finite measure space. 
A transformation of X is called stf -bimeasurable if 4>{A) G srf and _1 (Z\) G srf 
for every A G jz/. The following lemma is inspired by [161 Proposition 4.1(vi)]. 

Lemma A. 2. //{0j}™ =1 ?5 a finite sequence of bijective srf -bimeasurable non- 
singular transformations of X such that 0i o • ■ • o <j> n = \& x and n 2, then 

■ h^ 2 o ■ ■ • o (0x o • • ■ o ^.x)" 1 = 1 a.e. [/i]. (A.l) 

Proof. Applying the measure transport theorem repeatedly and an induction 
argument, we get 



/i(^)=/i(^- 1 ((0io.. 




= / xa ° 4>i ■ 


■ ■ ° 4>n-l ■ h0„ O (j) n _ 1 dfl 


Jx 




= / XA o 01 o ■ 


■ ■ 0n-2 ■ h0„_! • 0~_j d^i 


Jx 




= XA°01°- 


' ' 0n-2 ' h^„_ 1 O 0~_ 2 O 0„„ 2 ' h^„ O 0~_j O 0~_ 2 O 0„ 


Jx 




= XA ° 01 ° ' 

Jx 


• • ° 0n-3 • h0„_ 2 • h 0n _ 1 o 0~± 2 • o o 0~± 2 d/i 



= y X4 • • h^ 2 o 1 1 • • • o (0j o • • • o n _i) 1 d/i, G j/. 

By the cr-finitcness of /i, this implies (|A.1[) . □ 
We are now ready to prove the main result of Appendix [X] 

PROPOSITION A. 3. If <p is a nonsingular transformation of X such that 0™ = 
\dx for some integer n ^ 2, then the following conditions hold: 

(i) m is a bijective and nonsingular transformation of X for every m G Z, 

(ii) D(C^) = ViC^ 1 ) for every integer m^n, 

(hi) C™ = CJ|:d«>(c^) f or a M m i r € ^+ sMcft £/ia£ to ^ n and r = to (mod n), 

(iv) D°°(C0) is a core /or C™ /or every m G Z+, 

(v) C^ G B(L 2 ([j,)) if and only if CJ is closed, 

(vi) Cj, is subnormal if and only if C^ is unitary. 

PROOF, (i) Since 0™ = idx , the transformation is bijective and _1 = 0™ _1 . 
This implies that is ^/-bimeasurable and _1 is nonsingular. Hence (i) is satisfied, 
(ii) and (hi) follow from [641 Proposition 14] and the equality 0™ = idx- 

(iv) If j G {1, ...,n}, then by Lemma lA.21 applied to n = 2, 0i = J and 
02 = § n ~K we deduce that h^j < oo a.e. [/x]. In view of 1 131 Corollary 4.5], this 
implies that CJ is densely defined. Hence, by (ii), "D°°{C$) is dense in L 2 (fi). 
Applying 1 131 Theorem 4.7] completes the proof of (iv). 

(v) Suppose CJ is closed. Since CJ C I, we infer from (iv) that C? = / and so 
f(CV) = L 2 (/i). Hence, by the closed graph theorem, C^ G B(L 2 ([i)). The reverse 
implication is obvious. 

(vi) This condition follows from (iv) and Lemma [A. II □ 
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Example A. 4. We will show that for every integer n ^ 3, there exists a 
nonsingular transformation <j) of a discrete measure space (X, si, fi) such that </>™ = 
id x and ^{C^ 1 ) £ D(C^" 2 ) £ ... £ K(C^). By [63 Proposition 14], it suffices 
to show that D(C£ _1 ) £ D{C^~' 2 ). Set X = Z+ and si = 2 X , and take a sequence 
{7fc}fc^Lo c (0; °°) tending to oo. Define \i by + kn) = 7^ for j £ {0, . . . , n — 1} 
and k £ Z + . Let <f> be the transformation of X given by <p(J + kn) = j + 1 + fcn 
for 7 g {0, . . . , n — 1} and fc £ Z + , where j + 1 = j + 1 if j + 1 < n and j + 1 = 
if j + 1 = ra. It is clear that <j) n = idx- Suppose that, contrary to our claim, 
D(C£ -1 ) = r D(C^ 2 ). Then, by [H Proposition 4.3], there exists c G (0, 00) such 

that h^n-i ^ C (l+X)^=i h^i). Since h^n-i (n— 2+fcn) = 7^ and h^i (n— 2+fcn) = 7^' 
for all Z € {1, . . . , n — 2} and fc 6 Z + , we arrive at the contradiction. 

Appendix B. Symmetric composition operators 

We will show that symmetric composition operators arc selfadjoint and unitary. 

Proposition B.l. Let (X, si, /x) be a a-finite measure space and (j) be a nonsin- 
gular transformation of X . If C<f, is symmetric, then C$ is selfadjoint and unitary, 
and C 2 = I. If is positive and symmetric, then C$ — I. 

Proof. Since symmetric operators are formally normal, we infer from |13l 
Theorem 9.4] that if is symmetric, then is normal and consequently selfad- 
joint. For clarity, the rest of the proof will be divided into two steps. 

Step 1. If C<f, is positive and selfadjoint, then = I. 

Indeed, by [131 Proposition 6.2], is injective. Since C$ = |C^|, the partial 
isometry U in the polar decomposition of is the identity operator on L 2 (/i). 
This together with 1131 Proposition 7.1(iv)] yields 

/o^ = /.^a.e.[4 /ei 2 W (B.l) 

Take AGs/ such that n(A) < 00. Substituting / = XA into (|B.1|) and using ([5]), 

we see that fi(A \ ^(A)) = n{4>~ l {A) \A) = Q and thus fj,(A) = (p o 

Since ^ is cr-fmite, we conclude that /1 = /io^" 1 . Therefore = 1 a.e. [fj]. By |13l 

1 /2 

Proposition 7.1 (i)j, — \C<p\ is the operator of multiplication by and thus 
C* = I. 

Step 2. If is selfadjoint, then is unitary and C 2 = /. 
Indeed, by [US Theorem 7.19], C| is selfadjoint. Hence C| is closed. By [13l 
Corollary 4.2] (with n = 2), we have 

C^C^ = C^Cl = = = C^, (B.2) 

which means that G^i is positive and selfadjoint. It follows from Step 1 that 
C*02 = I. Therefore, by (|B.2[) . is unitary (see also Lemma [A. 1[) and C? = /. 
Putting this all together completes the proof. □ 

Adapting 1 151 Example 3.2] to the present context, one can show that the 
equality Cp ~ I does not imply that 4> = idx a.e. [/j] ■ It may even happen that the 
set {x £ X : 4>(x) = x} is not ^/-measurable. 

Example B.2. We will show that there exists a selfadjoint composition oper- 
ator which is not positive. Set X = Z + and s/ = 2 . Consider a measure /1 on 
s/ such that < fi(2k) = ji(2k + 1) < 00 for all k 6 Z+, and the transformation 
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<t> of X given by <j>{2k) = 2k + 1 and (j>{2k + 1) = 2k for k G Z+. Then 2 = id x 
and consequently (f)^ 1 = <f>. It is clear that = 1 and thus £ B(L 2 (ii)). 
Since (j) -1 ^) — i we deduce from [131 Corollary 7.3 and Remark 7.4] that 
C^/ = h < j > - f o cj)^ 1 = f o cf> = Cfrf for all / G L 2 ([i). Hence is selfadjoint. Since 
C$f = —f, where /(/) = (— l)'x{o,i} (0 f° r ' e the operator is not positive. 

Appendix C. Orthogonal sums of composition operators 

Let (X, srf , /z) be a cr-finite measure space and <f> be a nonsingular transformation 
of X. Define s/{4>) = {Y G : (f>(Y) C Y and <f>(X \ Y) C X \ Y}. Since 
={F6i: 4>^ 1 {Y) = Y}, g/((f>) is a cr-algebra. For nonempty V G ^(^), 
we set = {zi G ^ : A C Y}, ^y = n\gf Y and 0y = 0|y. Clearly, (Y, ^y,/iy) 
is a cr-finite measure space and c/>y is a nonsingular transformation of Y. Given 
iV e NU {oo}, we write Jm for the set of all integers n such that 1 ^ n ^ N. 

Proposition C.l. Suppose N e MU {oo} and {Y„}^ =1 Q £?{<t>) ^ a sequence 
of pairwise disjoint nonempty sets. Set Y = (J n =i ^ lerl ^ e following holds: 

(i) XY„L 2 (fi) reduces and C^l^y £ 2 (^) * s unitarily equivalent to C^ Yn for 
every n € Jjv, 

(ii) C0| XrL 2 (M) = 0„ =1 C^Ix^i, 2 ^), 

(hi) C^lxyi 2 ^) is unitarily equivalent to 0^ =1 C^y n . 

PROOF. Since the orthogonal projection Py n of L 2 (fi) onto xy„L 2 (ij,) is given 
by Py n {f) = XY n ■ f for / G L 2 (^i), we see that (Py n f) o </> = Py„(/ <W for all 
/ € ©(C^). Hence Py n C^ C C^Py^. The rest of the proof of (i) is straightforward. 
Since xyL 2 {^l) = Q) n=l XY n L 2 (ii), (ii) follows from (i) and the fact that is 
closed. Finally, (hi) is a direct consequence of (i) and (ii). □ 

COROLLARY C.2. An orthogonal sum of countably many composition operators 
in L 2 -spaces is unitarily equivalent to a composition operator in an L 2 -space. 

PROOF. Let {(X n , £/ n , /j, n )}^ =1 be a sequence of cr-finite measure spaces and 
{(j> n }n=i be a sequence of nonsingular transformations <p n of X n . where N G 
NU{oo}. Set X = |X =1 X n x {n}, at = { \J* =1 x {n} : A n G < Vn G Jjv} and 

M(^) = Z)n=iM»»(Ai) for ^ = U n =i x {n} (A„ G ^4). Define the transfor- 
mation of X by </>((x, n)) = (0 n (x),n) for x € X n and n € J/v. Then (X, a/, (x) 
is a cr-finite measure space and is nonsingular. Applying Proposition IC.ll to 
Y n := X„ x {n}, we deduce that © n _i C<£„ is unitarily equivalent to C^. □ 
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